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Preface

Markov chains are widely used as stochastic models to study and estimate
a broad spectrum of performance and dependability characteristics. In this
monograph we address the issue of compositional specification and analysis
of Markov chains. Based on principles known from process algebra, we develop
an algebra of Interactive Markov Chains (IMC) arising as an orthogonal ex-
tension of both continuous-time Markov chains and process algebra. In this
algebra the interrelation of delays and actions is governed by the notion of
mazimal progress: Internal actions are executed without letting time pass,
while external actions are potentially delayed. IMC is more than ‘yet an-
other’ formalism to describe Markov chains. This claim is substantiated by
a number of distinguishing results of both theoretical and practical nature.
Among others, we develop an algebraic theory of IMC, devise algorithms to
mechanise compositional aggregation of IMC, and successfully apply these
ingredients to analyse state spaces of several million states, resulting from a
study of an ordinary telephone system.

The contents of this monograph is a revised version of my PhD thesis
manuscript [96] which I completed in spring 1998 at the University of Erlan-
gen, Germany. I am deeply indebted to Ulrich Herzog and Ed Brinksma for
their enthusiastic support when preparing its contents, and when finalising
this revision at the University of Twente, The Netherlands.

Many researchers had inspiring influence on this piece, or on myself in a
broader context, and I take the opportunity to express my gratitude to all of
them. I am particularly happy to acknowledge enjoyable joint research efforts
with Christel Baier, Salem Derisavi, Joost-Pieter Katoen, Markus Lohrey,
Michael Rettelbach, Marina Ribaudo, William H. Sanders, and Markus Siegle
which have led to various cornerstones of this book. Henrik Bohnenkamp,
Salem Derisavi, and Marielle Stoelinga read the manuscript carefully enough
to spot many flaws, and gave me the chance to iron them out in this mono-
graph. Cordial thanks go to Alfred Hofmann at Springer-Verlag for his sup-
port in the process of making the manuscript a part of the LNCS series. And
finally, there is Sabine and the tiny crowd. Those who know her are able to
assess how perfectly happy I account myself.

June 2002 Holger Hermanns



Foreword

To devise methods for the construction of high quality information processing
systems is a major challenge of computer science. In most contexts, however,
the definition of what constitutes (high) quality in a more concrete sense is
problematic, as invariably any definition seems to fall short of its essence.
Computer science proves no exception to the rule, and its quest for quality
in relation to the analysis of system designs has given birth to two main
interpretations: quality as correctness, and quality as performance.

The first interpretation assesses quality by showing formally that (a model
of) a system satisfies the functional requirements of its formal specification.
Its methods are rooted in logic and discrete mathematics, and are based on
the all-or-nothing game imposed by the Boolean lattice: unless satisfaction
has been demonstrated completely, nothing can be said. This is both the
strength and the weakness of the approach: results have the utmost precision,
but are hard to obtain.

The second interpretation aims to assess quality on a continuous scale
that allows for quantification: using stochastic system models one tries to
calculate system properties in terms of mathematical expectation, variation,
probability, etc. The strong point of this approach is that it allows for quality
in other than absolute terms, e.g. a message loss of less than 0.01%, service
availability of more than 99.99%, etc. Its weaker side is that it cannot handle
very well system properties that are not directly related to repeatable events,
including many functional system properties, such as e.g. absence of deadlock,
reachability of desirable system states, etc.

It is clear that the analysis of the quality of system designs must ultimately
encompass both of the approaches above. A first step in this direction was
the development of stochastic Petri net models, which combine a classical
functional model for (concurrent) systems with stochastic features. The latter
allow the derivation of performance models in the form of continuous-time
Markov chains directly from a system description using such nets. Thus the
formalism in principle allows functional and performance analysis of systems
in terms of an integrated model and perspective.

This potentially great leap forward from the existing practice of study-
ing correctness and performance through unrelated models (and by different
scientific communities) proved harder to materialise than was initially hoped
for. One of the main causes was the infamous state space explosion: the fact
that the number of global states of a system grows exponentially with the
number of components of the system. Because of this, non-trivial system de-
signs give rise to large Petri net models, which in turn yield huge Markov
models that can no longer be effectively manipulated, even with the aid of
computers.



VI Foreword

In the early 1990s this observation motivated the study of what is now
referred to as stochastic process algebras. In the preceding decade process
algebras had proven an effective means for the modelling and analysis of
the functionality of concurrent systems. They address the problem of state
space explosion by a powerful formalisation of system composition by process
algebraic operators, combined with the study of observational congruence
of behaviours. The latter allows for a compositional control of state space
complexity: replacing components with observationally congruent but simpler
components the state space can be reduced without explicitly generating it
first.

The study of stochastic process algebra has for a considerable part been
driven by the non-trivial question of how best to add stochastic features to
process algebra, combining sufficient stochastic expressivity with compati-
bility with existing process algebraic theory. The present LNCS volume by
Holger Hermanns contains his answer to this question for Markovian process
algebra, i.e., where the stochastic model of interest is that of continuous-time
Markov chains. Written in a clear and refreshing style it demonstrates that
it is not only Hermanns’ answer, but really ‘the’ answer.

Where others before him treated stochastic delay as attributes of system
actions, Hermanns saw the enormous advantages of a completely different
approach: treating delays as actions in their own right that silently consume
exponentially distributed amounts of time, and treating system actions as in-
stantaneous actions. This separation of concerns bears all the signs of a great
idea: it is (retrospectively) simple and leads to very elegant results. A com-
plication that mars the other approaches, viz. the synchronisation of delays
as a by-product of synchronising actions, is completely avoided. Only system
actions are subject to synchronisation, and delays in different components
of a system are interleaved. Due to the memoryless nature of exponential
distributions this yields a perfectly natural interpretation of the passage of
(stochastic) time. It is the Platonic discovery that interleaving process al-
gebra and Markov chains are a perfect couple. Another advantage of the
decoupling of system actions and delays is that there can be more than one
delay preceding an action. This extends the class of (implicit) action delays
far beyond that of the exponential distribution, viz. to the (dense) class of
phase-type distributions.

The author must be commended for the technical skills with which he
has reaped the full benefits of this idea. In addition to defining and applying
his formalism, he has also firmly embedded it in standard process algebraic
theory by providing full axiomatisations for the stochastic varieties of ob-
servation congruence which are conservative extensions of the non-stochastic
cases. Also, the link between the concepts of lumpability in Markov chains
and bisimilarity in process algebra that was first observed by Hillston, comes
to full fruition in the hands of Hermanns. Based on standard algorithms
for bisimulation a low complexity algorithm is devised for lumping (Markov
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chain) states that can be applied compositionally. The latter is a fine example
of the advantages of interdisciplinary research, as such an algorithm was not
available in the standard theory of Markov chains.

We believe that this monograph by Holger Hermanns represents an impor-
tant step in the quest for the integrated modelling and analysis of functional
and performance properties of information processing systems. It is also writ-
ten in a very accessible and, where appropriate, tutorial style, with great effort
to explain the intuition behind the ideas that are presented. With a growing
number of researchers in the performance analysis and formal methods com-
munities that are interested in combining their methods, we think that this
monograph may serve both as a source of inspiration and a work of reference
that captures some vital ingredients of quality.

May 2002 Ed Brinskma, Ulrich Herzog
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1. Introduction

1.1 Performance and Dependability Estimation with
Markov Chains

The purpose of this book is to provide a compositional methodology of mod-
elling and analysis with Markov chains. Markov chains are widely used as
simple and yet adequate models in many diverse areas, not only in mathe-
matics and computer science but also in other disciplines such as operations
research, industrial engineering, biology, demographics, and so on. Markov
chains can be used to estimate performance and dependability characteris-
tics of various nature, for instance to quantify throughputs of manufacturing
systems, locate bottlenecks in communication systems, or to estimate relia-
bility in aerospace systems.

It is often possible to represent the behaviour of a system by specifying
a discrete number of states it can occupy and by describing how the system
moves from one state to another as time progresses. If the future evolution of
the system only depends on its present state, the system may be represented
as a (time homogeneous) Markov chain. If the future evolution depends in
addition on some external influence, we fall into the basic model class consid-
ered within this monograph. We take the view that the evolution of a system
can be the result of interaction among different parts of the system. We pro-
vide means to specify these parts, as well as combinators to compose parts.
In this way, complex Markov models can be built in a compositional, hierar-
chical way. Since the inherent structure of nowadays and tomorrows systems
is becoming more and more complex, the possibility to specify Markov chains
in a compositional way is a significant advantage.

During the last two decades process algebra has emerged as the math-
ematical framework to achieve compositionality. Process algebra provides a
formal apparatus for reasoning about structure and behaviour of systems in
a compositional way. The theoretical basis developed in this monograph will
therefore be a process algebraic one. It will turn out that compositionality
is not only favourable to specify complex situations but also facilitates the
analysis of such models.

H. Hermanns: Interactive Markov Chains, LNCS 2428, pp. 1-6, 2002.
© Springer-Verlag Berlin Heidelberg 2002



2 1. Introduction

1.2 The Challenge of Compositional Performance and
Dependability Estimation

It is worth to have a look at the historical development of performance
and dependability evaluation methodology. From the very beginning, queue-
ing systems have been used as intuitive means for describing system and
analysing their performance [60, 129]. However, in the late 1970-ies it has
been recognised that different real world phenomena could not be expressed
satisfactorily by means of queueing systems. In particular the need to model
synchronisation and resource contention was recognised, as a consequence of
the (still ongoing) trend towards distributed systems [45]. Thus, a bunch of
extensions has been proposed for queueing systems in order to reflect these is-
sues in an intuitive way. The unfortunate result was that the exact semantics
of such extensions was unclear, due to a lack of formal meaning of the queue-
ing approach. Even more severe, the interference among different extensions
was confusing.

Instead of adding more and more symbols to a more and more ambiguous
notation, the feeling grew that (extended) queueing systems, developed from
an engineer’s perspective, could benefit a lot from a scientific analysis of the
core concepts inherent to distributed systems [110].

Petri nets turned out to be rather close to an abstract view on (extended)
queueing systems [45]. In contrast to queueing systems, Petri nets are very
parsimonious with respect to their basic ingredients [162]. This is beneficial
in order to develop a precise theory. Nowadays, at least in the setting of
Markov chains, there is a common agreement that many kinds of extended
queueing system can be represented as a generalised stochastic Petri net
(GSPN), an extension of Petri nets with exponentially timed and immediate
transitions [4, 3]. In particular, various add-ons to queueing systems can be
concisely expressed in terms of Petri nets.

Queueing and scheduling disciplines are exceptions. They have been in-
corporated into the Petri net terminology in the same informal way as in
queueing systems, namely by adding a remark, say 'LIFO’ or 'JSQ’, to the
respective entity of the net. (LIFO’ stands for ’last in first out’ scheduling
while *JSQ’ describes ’join the shortest queue’ queueing strategy.)

The problem of this informality is more severe than it appears to be at
first glance. Consider, for instance, a small system with a Markovian arrival
stream and two queues, each having a few places and each connected to a
private server. Assume further that the two servers have drastically different
(exponentially distributed) service times and ’JSQ’ queueing strategy. This
system is depicted in Figure 1.1. Nevertheless, we point out that such a
description, does not at all give rise to an unambiguous Markov chain.

Ambiguity arises whenever both queues are equally occupied. Then, the
remark *JSQ’ does not determine where the next arrival will be scheduled.
This phenomenon, known as nondeterminism or underspecification, has an
important impact on performance estimates of such systems, when service
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Figure 1.1. A Queueing System with ’Join the Shortest Queue’ Strategy

times differ drastically. In such a scenario, if always the slower server will be
selected in case of nondeterminism, the system will behave less productive
than if always the faster server would be chosen in case of equally filled queues.
Thus the performance of the system depends on the actual implementation
of the ’JSQ’ strategy, that unfortunately is not precisely fixed in neither
queueing system nor Petri net notation.

With the rapidly increasing complexity of distributed system designs, an-
other drawback of these traditional approaches became obvious. The nice vi-
sual representation of Petri nets (and queueing systems) is not really helpful
for complex system designs. The main characteristics of distributed systems
is that they consist of a hierarchy of autonomous (however interacting) com-
ponents. These components aim to fulfil a common task transparent for the
user. But since Petri nets and queueing systems are flat models, this inherent
structure cannot be adequately represented [20].

Research on process algebra [116, 145, 14] has inspired efforts to intro-
duce compositionality into this framework [110], an approach where complex
models are constructed in a stepwise fashion out of smaller building blocks.
An abstraction mechanism provides means to treat the components as black
bores, making their internal structure invisible. Nowadays, there is a growing
awareness that if there is hope that industrial-size designs can be handled by
a performance estimation methodology, this methodology must be based on
the two premises of compositionality and abstraction.

In order to meet this challenge of compositional performance estimation
the combination of process algebra and Markov chains has been brought up
in the pioneering tutorial of Gotz et al. [79]. This work has opened the flood-
gates for a variety of approaches that are nowadays subsumed as stochastic
process algebras [42, 107, 114, 163, 25]. Significantly different from queueing
systems and Petri nets, these algebras provide composition operators to de-
fine complex Markov chains stepwise. The practicability of this approach has
been illustrated in several case studies (see e.g. [106, 71, 99, 177]), and impor-
tant progress has been made in exploiting compositionality also for analysis
purposes [115, 99, 114, 140, 139).

However, these approaches are still lacking important conceptual features.
First, the idea of abstraction (and its benefits) are less developed for stochas-
tic process algebras, compared to their non-stochastic ancestors. In addition,
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with respect to the specification of queueing and scheduling strategies none
of the approaches effectively improves upon traditional techniques. With the
notable exception of [25, 36] and [163], all these algebras treat interaction
inseparably linked to time consumption. Therefore the scheduling of jobs
which is usually regarded as an instantaneous decision, can only be modelled
if compositionality is relinquished. A third, severe problem is indeed also a
consequence of this strict link between time consumption and interaction:
There is no obvious interpretation of the nature of the time elapsing dur-
ing interactions between components [113]. We will argue that none of the
approaches addresses this issue in an entirely satisfactory manner.

The calculus of Interactive Markov Chains developed in this monograph
takes a drastically different view. Interaction and time consumption are
strictly separated: each interaction takes place instantaneously. We will show
that this separation is the key to improve upon all the above mentioned
shortcomings. This possibility is indeed just a side result of a more gen-
eral distinguishing property of the calculus. Interactive Markov Chains are a
proper, conservative extension of both, non-stochastic process algebra as well
as Markov chains, continuous-time Markov chains to be precise. In particular,
and different from the above mentioned approaches, the concept of nonde-
terminism is retained. Nondeterminism is a valuable tool in a compositional
specification methodology. It is useful to reflect that many system designs
behave nondeterministically at a certain level of abstraction (as in the above
example), unless all relevant information is specified. Furthermore, nondeter-
minism allows one to concisely model implementation freedom as well as the
impact of different influences of an external environment [41, 145, 40]. On
the other hand, since nondeterminism is absent in Markov chains, we shall
put emphasis on the issue how to transform Interactive Markov Chains into
Markov chains in order to estimate performance.

To represent the basic ideas of our calculus, we shall find it convenient to
use a graphical notation that resembles Petri nets. We use this notation for
the basic components of Interactive Markov Chains, and introduce operators
to compose components. In the beginning we just work with two composition
operators, parallel composition and abstraction that appear as the main op-
erators allowing for a hierarchical description of complex Interactive Markov
Chains. We will later introduce means to specify also the leaves of such a
hierarchy of interacting components with the help of some additional opera-
tors. In this way, we obtain an entirely textual way of describing a system.
This textual notation, a formal language, sets the ground for an algebraic
theory of Interactive Markov Chains, that will be developed. In addition, we
exemplify how the textual notation can be enriched with further operators
useful to specify difficult dependencies that occur frequently.

The algebra developed in this monograph is mainly concerned with the
question how to decide whether two Interactive Markov Chains can be re-
garded to be equivalent. It will be an important observation that bisimulation
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equivalences, fundamental in non-stochastic process algebra, are of great value
for Interactive Markov Chains as well. In particular, weak bisimilarity turns
out to be crucial in order to exploit abstraction and to enable performance
estimation of a given chain by transformation into a Markov chain.

Due to their importance, we shall put emphasis on the algebraic proper-
ties enjoyed by strong and weak bisimilarity, as well as weak congruence, a
slight variant of weak bisimilarity. Specifically, we develop sets of equational
laws that are sound with respect to strong bisimilarity, respectively weak
congruence. This means that the laws can be applied to transform Interac-
tive Markov Chains into equivalent ones. Furthermore, we shall prove that
the set of laws is complete for arbitrary expressions of the formal language.
"Completeness’ refers to the fact that any two equivalent Interactive Markov
Chains can be transformed into each other by application of the laws. Hence,
strong bisimilarity and weak congruence can be decided by purely syntactic
transformation. It is worth to mention that this completeness result is unique,
not only in the area of stochastic process algebra. In fact, it also solves an
open problem for a class of non-stochastic process calculi with priorities.

Apart from this algebraic theory we concentrate on algorithmic issues
related to the computation of bisimilarities. We develop strategies that effi-
ciently factor the state space of an Interactive Markov Chain into equivalence
classes of bisimilar states. The fact that the algorithms return equivalence
classes of states has an interesting side effect. By essentially representing each
class by a single state, it is possible to construct a quotient, an aggregated In-
teractive Markov Chain that is equivalent to the original one. In practice, this
‘equivalence preserving state space aggregation’ is highly favourable. Mod-
els of real systems, consisting of a hierarchy of interacting components, tend
to have very large state spaces that are often even too large to be stored
in memory. For such systems, any kind of analysis already fails because the
state space to be analysed remains unknown. However, substitutivity, one of
the central properties we shall demand for bisimilarities, allows one to re-
place arbitrary interacting components by their aggregated representatives,
since the above aggregation is bisimilarity preserving. This implies that the
size of the state space of the hierarchical system is reduced as well, but
with the additional gain that it avoids the construction of the original state
space which would be prohibitively large. This general technique is known
as compositional aggregation and has successfully been applied to a variety
of very large non-stochastic systems in order to verify behavioural proper-
ties [29, 82, 83, 44, 132]. In the context of Interactive Markov Chains we will
apply compositional aggregation in order to study the stochastic behaviour
of systems with more than 10 million states. Since continuous-time Markov
chains are a proper subset of Interactive Markov Chains, this strategy is of
potential interest for anyone aiming to solve large Markov chains.
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1. Introduction

1.3 Roadmap

The monograph is divided in 7 chapters, each of them concluded by a dis-
cussion of the contribution of the respective chapter in the view of related
material.

— In Chapter 2 we give an intuitive introduction into the basic concepts of

process algebra to set the ground for understanding the following chapters.
We introduce a rudimentary calculus of interactive processes and discuss
useful equivalences on this model, essentially recalling the motivation for
strong and weak bisimilarity. We also sketch efficient algorithms to compute
these equivalences. A small case study is used to illustrate the benefits of
these ingredients, in particular for compositional aggregation techniques.

— Chapter 3 focuses on Markov chains of both discrete and continuous na-

ture. Based on insight gained in Chapter 2 we discuss useful equivalences on
either of these models, touching on the notion of lumpability, and provide
efficient algorithms for them.

— In Chapter 4 we introduce the central formalism of this monograph, Inter-

active Markov Chains, that arise as an integration of interactive processes
and continuous-time Markov chains. We justify our decision to treat both
ingredients as orthogonal as possible by evaluating other approaches that
have appeared in the literature. We develop strong and weak bisimilarity
on our model and provide algorithms to compute these relations. The com-
positional application of these algorithms is discussed by means of a small
example.

Chapter 5 develops an algebra of Interactive Markov Chains. In particular,
we present a language to generate Interactive Markov Chains and derive
a sound and complete algebraic theory for arbitrary expressions of the
language. In addition we introduce further operators that are useful to
enhance modelling and analysis convenience for real applications.
Chapter 6 discusses the achievements of the previous chapters by means of
some small and medium size case studies. In particular we focus on different
ways to exploit compositionality, specifically using either compositional
aggregation or applying the algebraic theory. We will also highlight the
limitations of our concept with respect to performance estimation in the
presence of nondeterminism.

Chapter 7 concludes by addressing the question whether the challenge of
compositional performance and dependability estimation has been met, and
to what extent it improves on previous work addressing similar challenges.
Furthermore, we point out relevant directions for further work.



2. Interactive Processes

In this chapter we introduce the basic framework that will be used through-
out the whole monograph. We introduce labelled transition systems together
with two composition operators, abstraction and parallel composition. We
then proceed discussing useful equivalences on this model, essentially recall-
ing the motivation for strong and weak bisimilarity. We also sketch efficient
algorithms to compute these equivalences. The contents of this chapter is
a collection from [145, 27, 154, 125, 86, 76, 73, 22]. Its purpose is to give
an intuitive understanding of the key features of process algebra. A reader
familiar this features is invited to fleetingly glance through this chapter in
order to catch a glimpse of the notations used.

2.1 Transition Systems and Interactive Processes

State-transition diagrams, automata and similar models are widely used to
describe the dynamic behaviour of systems. In the context of process alge-
bras, they usually appear in a specific form, labelled transition systems. A
transition system consists of a set of states S and a set of possible state
changes. The latter set is given as a binary relation on states, i.e., a subset of
the crossproduct S x S. Intuitively a pair of states (P, Q) is contained in this
relation if it is possible to change from state P to @ in a single step. It is con-
venient to denote such a transition relation with an arrow (e.g. —), because
(P,Q) € — can be written in infix notation, P — @, nicely representing
the possible state change between P and Q).

Labelled transition systems are a particular variant where state changes
are conditioned on occurrences of actions drawn from a set Act. A state
change between P and @ then implies the occurrence of a specific action.
Therefore, the transition relation — is a subset of S x Act x S rather than a
binary relation on S. Again a kind of infix notation, P N @, is convenient to
denote (P, a, Q) € —. Here the action appears as the label of the transition
explaining the term ’labelled transition’ system.

H. Hermanns: Interactive Markov Chains, LNCS 2428, pp. 7-33, 2002.
(© Springer-Verlag Berlin Heidelberg 2002
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Eq
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Figure 2.1. Two interactive processes

Definition 2.1.1. A labelled transition system is a triple (S, Act,—), where

— S is a nonempty set of states,

— Act is a set of actions, and

——> C S x Act x S is a set of labelled transitions, sometimes also called
interactive transitions.

In order to use labelled transition systems as an operational model of
systems it is common practice to identify a specific initial state P in the
transition system where operation starts. A transition system with an initial
state is called an interactive process.

Definition 2.1.2. An interactive process is a quadruple (S, Act,——, P),
where (S, Act,—) is a labelled transition system and P € S is the initial
state.

Example 2.1.1. Figure 2.1 contains two examples of interactive processes.
States are represented as circles labelled with identifiers from S. We adopt
the convention to omit labels of states if they are not required to understand
the example. We use ® to denote the initial state. The first interactive pro-
cess, with initial state E1, is a simple one-place buffer. It accepts data via
the action in and releases it upon the action out. The right process is able
to buffer two values but with a slightly unusual restriction. From its initial
state Ey there is an implicit nondeterministic decision between two actions in
that is taken upon the acceptance of the first datum. The lower branch leads
to a usual two place buffer behaviour, whereas on the upper branch a datum
cannot be released before two data have been accepted.

To avoid to overburden our ideas with mathematical notation we do not
insist on the distinction between the initial state of an interactive process
and the process itself. Unless stated otherwise we assume that all transition
systems that appear in the remainder of the monograph are contained some-
where in an immense transition system (S, Act™!,—) that is (at least) the
union of all those we will discuss. S*!! is a superset of all appearing states and
Act™ comprises all appearing actions. We shall use this immense transition
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system and its elements in the sequel. In fact, we will give its definition in
Chapter 5 (on page 108).

We are able to exactly identify an interactive process (S, Act,—>, P) by
its initial state P in this immense transition system, because S can be defined
as the set of states reachable from P, — is the transition relation restricted
to S and Act contains all actions labelling this relation. S is called the state
space of P.

We use the term ’interactive’ process in order to indicate that a pro-
cess may interact with other processes to exchange data, or, more general,
to cooperate in order to achieve a common goal. Several different shapes
of process interaction have been studied in the literature of process alge-
bra [141, 145, 41, 117]. The most distinctive features are asynchronous ver-
sus synchronous and binary versus multi-party interaction. Our way of in-
teraction is synchronous multi-party interaction as used, for instance, in LO-
TOS [27, 122], the specification language standardised by the ISO.

In order to give processes the potential of interaction, we introduce a par-
allel composition operator that is equipped with those actions aj ...a, that
both processes have to synchronise on. All other actions can be performed
independently by either of the processes. If P and Q are two processes, such

synchronous parallel composition is denoted P 3i—a. (). By varying the
set of synchronising actions, parallel composition ranges from full synchrony
when the set comprises all the possible actions, to arbitrary interleaving when

the set is the empty (in this case we use the concise notation ) The
intuition of this operator can be made more precise by the following (still
informal) properties.

— A state change of P 3ia._ (@ is possible if P may change to, say P’, on the
occurrence of an action a that is not contained in {a; ...a,}. The result of
the state change is P’ 3i-a. (@, since only P has changed state.

— Symmetrically, a state change of P @i—a. () is also possible if (Q may
change to some ', on the occurrence “of an action a that is not contained
in {a;...a,}, resulting in P 3r—a. Q'

— In order to be able to interact on an action a contained in {a;...a,}, both
P and Q have to be able to perform a and thereby evolve to some P’ and
Q'. If this prerequisite is fulfilled, P 31-a. () may in a single step change
state to P’ 3i-an Q.

— No other transmons are possible for P 3i—a. Q.

We formalise these requirements in the definition of a transition relation for
the process P aia. (. The first three requirements will be used to define
the respective parts of the transition relation of P ar-a. Q. Each part will
allow to derive a certain transition of P ai—as @ if P and/or @ exhibit a
certain transition. The last property will be reflected by requiring that the
relation itself is the least relation satisfying the definition, i.e., it does not
possess non-derivable transitions.
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Definition 2.1.3. Let P and Q be two interactive processes with state spaces
Sp and Sq. Parallel composition of P and Q) on actions ai ...a, is (again)
an interactive process (S, Act,—, P 3i—aa_ Q), where

—S:={P 32 Q' | P €SpANQ € 8p},
— —> is the least relation satisfying that
ifad{a;...a,}, then

a . . a
P —— P" implies P' 33, Q' —— P" 3. Q'

)

a -
Lo Q ——> P ma. Q7

_ )

Q' —> Q" implies P’

ifa€{a1...an}, then

(Y

[N

P -5 P'AQ —> Q" implies P Fian Q' —i> P Fian Q.

The style of this definition goes back to Plotkin [157], it is usually called
structured operational semantics since it defines the operational behaviour
of a process inductively over its structure. Note that each state of a paral-
lel composition possesses a specific syntactic structure, since it contains the
syntactic operator =.

It should be obvious that this definition reflects the informal requirement
that we have stated before. Indeed, it is more precise than the informal def-
inition. There, nothing has been said about the concrete actions that are
exhibited by a parallel composition, we have only focused on the question
when a state change should be possible, but not discussed the resulting ac-
tion label. In Definition 2.1.3 we have decided to reuse the label a occuring
in the preconditions. In other words, actions exhibited by parallel composi-
tion are those exhibited by their components regardless of the fact if they
are obtained from synchronisation or not. The uninitiated reader may find
this solution straightforward, but other solution are equally reasonable; [143]
contains a discussion of this topic. Our choice (borrowed from [153, 27]) is
the key to enable multi-party synchronisation, where the same action a can
be used in further parallel composition contexts.

Ezample 2.1.2. Figure 2.2 shows parallel composition of two interactive pro-
cesses B3 and Es. The resulting interactive process E3 mid Es. obtained by

applying Definition 2.1.3, is depicted underneath. Recall that we blur the dis-
tinction between an interactive process and its initial state.

In general, the possibility that multiple processes can synchronise on the
same action has been proven to be convenient from the system engineering
point of view. But, with the concept we have introduced so far, arbitrary ac-
tions of an interactive process can be used for synchronisation at an arbitrary
level of specification. This is undesirable, since modern top-down (or bottom-
up) system design methodology tries to use a black box view on components,
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Figure 2.2. Parallel composition of two interactive processes

in order to abstract from internal details that are irrelevant at a certain level
of design.

The concept of abstraction arises natural in the framework of process
algebra. The key to this feature is a distinguished action, usually named
7, that symbolises an internal activity, e.g. an internal state change that
only depends on local variables. Actions different from 7 are called external
actions. In the context of parallel composition P 3i-a. @ , internal activities
of P should be definitely independent from internal actions of ). Hence,
synchronisation on internal actions has to be strictly ruled out. In other
words, it is not allowed that T occurs in {aj...an}.

This already ensures that internal actions remain internal in the context
of arbitrary levels of parallel composition. However, when building a large
system it is desirable to internalise actions in a stepwise fashion after they
have been used for (multi-party) interaction. This ensures the above men-
tioned black box view on a process, where only those actions are accessible
for synchronisation that are still needed and therefore not internalised. A
specific operator, called abstraction operator, is dedicated to this purpose.
For a given process P and actions aj ...a,, it internalises those actions by
simply renaming them into 7. We use to denote this abstraction.

Definition 2.1.4. Let P be an interactive process with state space Sp. Ab-
straction of actions ay...a, in P is an interactive process (S, Act —+,

), where
- 5= {[7 P’ € 5}

— —> is the least relation satisfying that

ifad {a1...an}, then

P'—> P" implies BM—?—» p ,
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Figure 2.3. Abstraction applied to composed interactive processes

ifa€{a1...an}, then

P'—5> P" implies \L’M—T» p

Example 2.1.3. In Figure 2.3 we have depicted the result of internalising the
action mid in the process E3 mid Es by means of abstraction. The behaviour
of the resulting process can be best described as a two place buffer, composed
out of two one-place buffers, F5 and E5. The first accepts data with action in.
These are internally passed to the process Es which is now ready to output
them. E3 may accept a second datum, but before it can pass the datum to
E5 this process has to get rid of the datum accepted earlier. So, this process
appears as a two-place buffer but is internally realized as a serial connection
of two one-place buffers.

We will later rely on a more compact notation for structural operational
definitions. Instead of using the form

if A, then . . B

B implies C we simply write 0 A,
and we call the latter a structural operational rule. Applying this abbreviation
to Definition 2.1.3 and 2.1.4 leads to the rules given in Table 2.1. When the
syntactic structure of an interactive process is becoming more complex, this
rule scheme is conveniently used in 'proof trees’ for transitions.

Example 2.1.4. In order to prove that| F5 mid Ej E possesses an outgoing
transition labelled with action in we construct the following proof tree:

E3—in'—>E4

EsEE5—i'LE4EE5

EsﬁEsm—i?—’ E4EEsw




2.2 Equivalences on Interactive Processes 13

Table 2.1. Structural operational rules for interactive processes

pP—>p
Fa— a¢{a1...an}
P &a1a, Q—o—)P a1...an Q
a /
—>
@ 3 e - a¢{a1...an}
P &1 an Q—b—»P a1...an Q

Pi>P  Q-Q
e Q—> P e Q

ac{ar...an}

v

pP—i> P
(7 oo P oy
pP—> P

,

ag{ar...an}

ac{ar...an}

]

2.2 Equivalences on Interactive Processes

From the very beginning an essential part of process algebra theory has been
devoted to the development of equivalence notions. The starting point of
all process algebraic equivalences is the observation that different processes
may exhibit the same behaviour. This behaviour-oriented (as opposed to
state-oriented) point of view directly implies that the labelling of states is
inherently negligible whereas the labelling of transitions is not. This is com-
mon for all process algebraic equivalences. The differences among the variety
of equivalences are caused by different ideas about what is a distinguishable
part of the behaviour. R.J. van Glabbeek has extensively studied different no-
tions of an experimenter that interacts with an interactive process in order to
determine its behaviour [75, 74]. Instead of recapitulating his work we sketch
here some commonly used equivalences and try to address the question what
makes an equivalence a good equivalence. This question will be raised again
in later chapters, where probabilities and probability distributions come into
play. First, we consider so called ’strong’ equivalences, where internal and
external actions are treated in the same way. Afterwards we discuss 'weak’
equivalences, that aim to abstract from internal state changes as much as
possible.

2.2.1 Strong Equivalences

Since a transition system is essentially an automaton, language equivalence of
automata is surely an important notion. Two automata are language equiva-
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out out

Figure 2.4. Two interactive processes with equivalent traces

lent if they accept the same language, i.e., the same set of finite sequences over

Act™. In the context of process algebra this relation is called trace equiva-
2> 2, ... 25 to denote that there are some

lence. It is defined using P
processes Py, P, ..., P, such that P2 P 2, Py---P,_4 o P,.

Definition 2.2.1. Let P and Q be two interactive processes. P and @ are
strong trace equivalent, written P ~y,. Q, if

if and only if @

Example 2.2.1. Consider the process depicted in Figure 2.4. Eg describes a
usual two place buffer. Fs has already appeared in Figure 2.1. Depending on
the in branch taken FEo may loose the possibility to output the first datum
before a second has been accepted. However, both interactive processes are
trace equivalent according to Definition 2.2.1.

a1 ED) an ai az an
/ I e h + h e '

P

This example gives some insight into the weaknesses of trace equivalence.
The process Fs is not always able to release a datum after it has accepted
one whereas Fg always is. This is problematic, if Es is put in a context
where an output is required for synchronisation after every input, (with F;
of Figure 2.1, for instance, synchronising on action out and in). Eg would be
able to interact on action out after action in has occured, whereas Fo may
be not, forcing the synchronising partner to deadlock. In other words, trace
equivalence does not preserve deadlocks.

The main reason why trace equivalence is suitable for automata theory,
while it does not fit with the process algebraic theory of processes, is the differ-
ence between their models of interaction. Automata theory assumes complete
control of the automaton over its transitions. In the process algebraic view of
processes all observable actions are under the joint control of the process and
its environment. In this context, automata can be seen as processes with only
internal actions (but not necessarily labelled with 7), or alternatively, as a
process with a completely cooperative environment, i.e. one that is always ca-
pable of synchronising on the action of the automatons’ choice. The standard
interaction between process algebraic processes, however, assumes an interac-
tive resolution of choices, at least between observable transitions. This means
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Figure 2.5. Two strongly bisimilar interactive processes

that a process cannot select a transition labelled with an observable action
if this action is not also enabled by the environment. If several such jointly
enabled transitions exist, then the choice is made nondeterministically.

In the presence of concurrent composition it is natural that two transition
systems should be equivalent if and only if they interact in the same way with
arbitrary environments. In view of the above, that means the way in which
they constrain the choices between different actions is relevant. This is also
referred to as the branching (time) structure of processes, as opposed to the
linear (time) structure of classical automata.

Milner and Park [145, 155] have introduced the most important class of
equivalence relations that respect the branching structure of a process and
hence are deadlock preserving. It is the class of bisimulation equivalences or
bisimilarities. Two processes are bisimilar if they can simulate each other
stepwise. The word ’stepwise’ describes an essential difference to trace equiv-
alence, because bisimulation is defined inductively, only considering a single
step.

Definition 2.2.2. A binary relation B on S is a strong bisimulation if
(P,Q) € B implies for all a € Act :
— P—> P implies Q—> Q' for some Q' such that (P',Q’') € B,
- Q—> Q' implies P—>P' for some P' such that (P',Q") eB.
Two interactive processes, P and Q, are strongly bisimilar, written P ~

Q, if they are contained in some strong bisimulation B,i.c., (P,Q) € B.

Strong bisimilarity is the union of all strong bisimulations. In words, the
above definition says that two states in a transition system are bisimilar, if
they can change to again bisimilar states, and interact on the same actions
in doing so.

Example 2.2.2. Following Definition 2.2.2, the two processes Eg and

depicted in Figure 2.5 are bisimilar. To facilitate the inspection of this claim
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we have shaded strongly bisimilar states with the same pattern. Note that the
right process is obtained by composing in parallel two (one-place) buffers Ey
without any synchronisation. They behave like a two-place buffer Eg.

Strong bisimilarity gives us appropriate means to compare interactive pro-
cesses with respect to their branching structure. However, some subtle prob-
lems still have to be addressed that will become technically important in
later chapters. For example, it is neither clear whether ~ is itself a strong
bisimulation, nor is it self-evident that ~ is an equivalence relation, i.e., that
it is reflexive, transitive and symmetric. This is basically due to the fact that
~ is defined as a union of binary relations, that are not necessarily equiv-
alence relations. In addition, even the union of equivalence relations is not
necessarily transitive.

Lemma 2.2.1. Strong bisimilarity

— is an equivalence relation on S,
— is a strong bisimulation on S, and
— is the largest strong bisimulation on S™.

The style of the definition of bisimulation is sometimes called coinduc-
tive, since it borrows the concept of coinduction from category the-
ory [123]. Roughly, a coinductive definition characterises the largest set (while
induction characterises the smallest set) satisfying an inductive definition. As
we will see later, a coinductive definition is very beneficial for the develop-
ment of efficient algorithms and simple proof strategies. Therefore, we shall
evaluate other equivalences with respect to the question whether they are
defined coinductively.

We will later also rely on an alternative characterisation of strong bisimi-
larity, borrowed from [76], that defines ~ as the union of equivalence relations.
It makes use of a (boolean) function v, : S x Act x 25 + {true,false}.
Yo (P, a,C) is true iff P can evolve to a state contained in a set of states C
by interaction on a.

Definition 2.2.3.

vo(P,a,C) = true if there is P’ € C such that P— P’,
false otherwise.

With this definition, bisimilarity can be expressed as 'having the same in-
teraction possibilities to evolve into the same set of behaviours’, where the
latter sets are classes of equivalent behaviour.

Lemma 2.2.2. An equivalence relation € on S is a strong bisimulation if
(P, Q) € & implies for all a € Act and all equivalence classes C' of € that

’YO(P’avc) = ’YO(Qvaac)'
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Example 2.2.3. If we use % to denote the set of states shaded like &=

in Figure 2.5, and similar with @ and Cb, then each of these sets is a
class of an equivalence relation & satisfying Lemma 2.2.2. In particular, we
compute the following values for each of the states in the respective class. All
other combinations return false.

Yo (O ,in, @) = true ’yo(® ,out, Cb) = true
'Yo(® ,in, %) = true ’yo(@ ,out, @) = true

Let us now turn our attention to another important property of bisimi-
larity. Since we have introduced two composition operators, it is interesting
to investigate whether ~ gives rise to a proper notion of equality. A proper
notion of equality should be preserved in the context of composition. In the
above example, we have seen that Fg and are bisimilar. They both
describe the behaviour of a buffer with two places. However, it is not clear
whether we can use either of them in a larger composition context and obtain
again equivalent overall behaviours. As a general property, this is highly de-
sirable, because it allows to replace a component of a parallel composition by
an equivalent one, without affecting the behaviour of the complete parallel
composition. The general requirement is called substitutivity of an equiva-
lence relation. Algebraically it boils down to show that ~ is a congruence
relation with respect to the operators.

Theorem 2.2.1. Strong bisimilarity is substitutive with respect to parallel
composition and abstraction, i.e.,

P1 ~ P2 implies P1 ai...an Pg ~ P2 ai...an P37
P, ~ Py, implies P33ai.an P, ~ P33i.an Py, and

Py, ~ Py implies \im ~ \&m

Strong bisimilarity shares this substitutivity property with trace equivalence,
but, in addition, it respects the branching structure of a process and therefore
it does preserve deadlocks. Furthermore, it is defined coinductively. These
properties are the main reasons why bisimilarity is central in the area of
equivalences for process algebras. It is easy to define, easy to prove and is
mathematically elegant.

2.2.2 Weak Equivalences

Hitherto we have only discussed equivalences that treat internal actions in
the same way as external actions. In particular, internal actions have to be
simulated stepwise in order to be able to establish strong bisimilarity between
two processes. This is surely counterintuitive, because strong bisimilarity is
meant to characterise the behaviour of two processes by means of their po-
tential of interaction. But since internal actions are precluded from possible
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Figure 2.6. Not strongly bisimilar interactive processes

interactions, there seems to be no specific need to distinguish between two
processes only because one of them may at some state do an internal state
change while the other does not.

Example 2.2.4. We have discussed before that a serial connection of two one-

place buffers as in | Es mid Fs behaves like a two-place buffer. However,
it is not possible to construct a strong bisimulation between this process and
FEg even though FEg appears as a canonical representation of a two place
buffer. The reason is that we have to bisimulate an internal—— transition of

E; mid Ej E , but E does not possess such a transition at all (Figure 2.6).

In order to abstract from internal moves, it is natural to neglect them as far
as they do not influence the future behaviour of a process. It seems wise to
introduce a notion of observable steps of a process, that consist of a single
external action preceded and followed by an arbitrary number (including
zero) of internal steps [145]. Technically this is achieved by deriving a "weak’
transition relation = from the ’strong’ transition relation —.

Definition 2.2.4. For internal actions, = is defined as the reflexive and
transitive closure —— of the relation — of internal transitions. External
weak transitions are then obtained by defining == to denote = L

Note that a weak internal transition == is possible without actually perform-
ing an internal action, because —1> contains the reflexive closure, i.e., the
possibility not to move at all. In contrast, a weak external transition ==

must contain exactly one transition N preceded and followed by arbitrary
(possibly empty) sequences of internal moves.

Ezample 2.2.5. For the processes Eg and | E5 mid Ex E the weak transition

relation is depicted in Figure 2.7.

With this relation, weak trace equivalence and weak bisimilarity arise by
simply replacing strong by weak transitions in Definition 2.2.1, respectively
Definition 2.2.2. Since weak trace equivalence inherits the problems of its
strong counterpart, we are not interested in this relation.

Definition 2.2.5. A binary relation B on S™! is a weak bisimulation if
(P,Q) € B implies for all a € Act :
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Figure 2.7. Two weakly bisimilar interactive processes

— P =P impliecs Q== Q' for some Q' such that (P',Q') € B,
- Q= Q' implies P=> P’ for some P' such that (P',Q’') € B.
Two interactive processes, P and Q, are weakly bisimilar, written P =~ Q, if

they are contained in some weak bisimulation B.

Weak bisimilarity has the same basic properties as strong bisimilarity (cf.
Lemma 2.2.1), and it also is a proper notion of equivalence, because it is a
substitutive relation.

Lemma 2.2.3. Weak bisimilarity

— is an equivalence relation on S,
— is a weak bisimulation on S, and
— is the largest weak bisimulation on S*!,

Theorem 2.2.2. Weak bisimilarity is substitutive with respect to parallel
composition and abstraction.

Ezxzample 2.2.6. We have pointed out that the processes Eg and

EgEE{;E are not strongly bisimilar. But they are weakly bisimi-
lar according to Definition 2.2.5. To illustrate this we have, again, shaded
bisimilar states with the same pattern. A crucial aspect is that the weak
internal transition @é@ of the right process can be simulated by the

T . .
left process because = contains the reflexive closure.

This example shows that weak bisimilarity is quite an appropriate notion
to compare the behaviour of components, where some actions have been in-
ternalised. Furthermore, substitutivity ensures that equivalent components
can be exchanged by each other inside a larger composition context without
affecting the behaviour of the composite process. In addition, weak bisimilar-
ity is defined coinductively and it inherits deadlock preservation from strong
bisimilarity.

Nevertheless, weak bisimilarity is not as outstanding among the vast num-
ber of weak relations as strong bisimilarity is among the strong relations. It
has been argued in both directions. Some, e.g. van Glabbeek and Weijland [73]
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and Montanari and Sassone [147] point out that weak bisimilarity is a bit too
coarse to exactly preserve the branching structure of a process. Others, like
Darondeau [57], Valmari [182], de Nicola and Hennessy [58], Parrow and
Sjodin [156], Cleaveland and Natarjan [149], as well as Brinksma et al. [39]
define again coarser equivalences and argue that these relations characterise
the observable behaviour of processes better than =~ does.

It may be worth to point out that it is desirable to have an equivalence
notion that is just as coarse as possible, i.e., that identifies as many as possible
of those processes that exhibit the same behaviour (where the word ’same’
is still a matter of perspective). It is helpful to think of an equivalence as a
netting, where each mesh of the netting surrounds a certain equivalence class
of behaviour. If the netting is too fine, some processes may lie in different
meshes, even though their behaviour is indistinguishable. But if the netting is
coarser than required, two processes may be in the same mesh, even though
they behave differently. This is indeed the case for (strong and weak) trace
equivalence, where processes with different deadlock behaviour fall into the
same class.

From this point of view, (fair) testing equivalences seem to be the right
choice [58, 149, 39], because they are indeed as coarse as possible with respect
to a rather natural scenario of what an observer is able to test. However, we
omit the details of their definition, basically because testing equivalences do
not possess coinductive definitions. As mentioned before, this style of defini-
tion is favourable because it allows mathematically elegant proof techniques.

For mechanised verification purposes, the time and space complexity of
deciding equivalences for finite state systems is a crucial aspect. Efficient
algorithms are known for bisimilarity, answering the question whether two
processes do or do not behave equivalently. Remarkably, from an algorithmic
viewpoint, the preference between fine and coarse relations appears reversed.
Roughly speaking, the finer an equivalence is, the better is its computational
complexity. This will be made more precise in the next section. The prac-
tically most efficient algorithms are known for branching bisimilarity [86], a
relation introduced by van Glabbeek and Weijland, that will also be of some
importance in later chapters. Therefore we give its definition and motivation
here.

Ezxample 2.2.7. Figure 2.8 contains four slightly different interactive pro-
cesses. All the four processes are weakly bisimilar. This can be checked by
means of the weak transition relation, depicted in the second row of this fig-
ure (for the sake of clarity, we have omitted loops of weak internal transitions
that each state possesses). However, there is a subtle difference among them
that is not visible in the weak transitions. In particular, E1s and Fr9 possess
the possibility to move with b into the class % without passing through the

class % On the contrary every computation in E1¢ and Ei7 leading from

Cb to % is forced to pass through @ Therefore, in E16 and Fq7 the
decision to discard a has to be taken after b has been executed while E1g and
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Figure 2.8. The difference between weak and branching bisimilarity

Eig may decide to discard a already before interacting on b. This difference
is not evident in the weak transition relation. Fspecially, Fi; and Fig are
isomorphic with respect to their weak transitions.

This example reflects the main criticism why weak bisimilarity may ap-
pear too coarse. Strong bisimilarity has the property that any computation in
one process corresponds to a computation in the other in such a way that all
intermediate steps correspond as well. This is not true for weak bisimilarity,
as exemplified in the above example.

In order to overcome this lack, van Glabbeek and Weijland postulate
a branching condition. The basic idea is that in order to simulate a step
P—3> P by Q == @', i.e., a sequence Q ——>==s (', all steps preceding
the transition —— have to remain inside the class of P (and Q) and all steps
following this transition have to stay inside the class of P’ (and hence of
@Q"). This is schematically represented in Figure 2.9. To achieve this property
it is sufficient to demand that Q) performs arbitrarily many internal actions
leading to a state @)’ which is still equivalent to P and then to directly reach
the equivalence class of P’ by performing action a [73].

Definition 2.2.6. A symmetric relation B on S is a branching bisimula-
tion if (P, Q) € B implies for all a € Act that P —5> P’ implies
—a=r7and P'BQ, or

— Q"> Q' for some Q", Q" such that Q == Q" and PBQ" and P'BQ’.
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Figure 2.9. A valid pair of branching bisimulation

Two interactive processes, P and @), are branching bisimilar, written P =,
Q, if they are contained in a branching bisimulation B.

Using the function ~, we are able to reformulate this definition in order to
identify whether an equivalence relation £ is a branching bisimulation.

Lemma 2.2.4. An equivalence relation € on S is a branching bisimulation
if (P,Q) € & implies for all a € Act and all equivalence classes C' of £ that
Yo (P, a,C) = true implies

—a=T1and Q€ C, or
— 7 (P,a,0) = 7,(Q",a,C) for some Q" such that Q == Q" and PEQ".

Ezample 2.2.8. E16 and E17 are branching bisimilar. The equivalence classes
of a relation & satisfying Lemma 2.2.4 are depicted in the first row of Fig-
ure 2.8. One interesting case is that we have to simulate the transition
Yo (Q) 5 a, E=) = true of E17 in Erg. Indeed, each of the states shaded S

of Frg may internally evolve to a state that still belongs to @, and that
satisfies v, () 5 a, E=) = true.

FEy7 and Erg are not branching bisimilar because the classes Cb and
(2 can be distinguished. In particular, v, (2 ,b, E=) = true, but Ey7 is

not able to internally evolve to a state belonging to the same class (i.e., Cb)

such that v, () , b, E=) = true.

Branching bisimilarity fulfils the essential requirements for a proper notion of
equality. It preserves deadlocks, it is an equivalence relation [22], is the largest
branching bisimulation on a given transition system, and is a congruence with
respect to parallel composition and abstraction. In addition, it is finer than
weak bisimilarity, i.e., /2, C ~. This inclusion is strict, as exemplified by the
above example, where Ey7 %, FEis, but Ei7 =~ Fis.

2.3 Algorithmic Computation of Equivalences

In the previous section, strong and weak bisimilarity arose as natural notions
of equivalences on interactive processes. This section deals with algorithms to
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decide whether two interactive processes P and @) are equivalent with respect
to either notion of bisimilarity.

2.3.1 Strong Bisimilarity

We begin with the basic algorithm for strong bisimilarity. The algorithm
computes strong bisimilarity on a given finite transition system. ’Computing
a bisimilarity’ addresses the question, which states of a given transition sys-
tem are bisimilar. To be precise, the algorithm factors the whole transition
system into equivalence classes of bisimilar states. If this transition system is
the union of two state spaces of, say P and @, then this algorithm indirectly
answers the question whether P and (Q are bisimilar. They are bisimilar if
their initial states fall into the same equivalence class of behaviours, other-
wise they are not. This may seem to be a bit too much of work, because a
whole transition system is factored just to decide bisimilarity of a single pair
of states. Of course, this evaluation is wrong, because bisimilarity manifests
itself as ’being able to stepwise simulate each other’ which also involves all
subsequent steps either system may undertake.

The global tactic of bisimilarity computation by factoring the state space
is known as partition refinement. A partitioning of a state space is, loosely
speaking, a netting where each mesh of the netting corresponds to a partition,
containing some states. The algorithm should obviously terminate once the
meshes correspond to the equivalence classes of bisimilarity. This is the case
indeed, and it is achieved by successive refinement of the netting. Starting
with a netting with a single (rather large) mesh, the meshes become finer and
finer until no further refinement is needed, or, in algebraic terms, a fixed-point
is reached. This fixed-point is the desired result.

Before we address the question how new strings are successively woven
into the netting in order to refine the current partitioning we characterise
strong bisimilarity as a fixed-point.

Theorem 2.3.1. Let P be an interactive process with finite (reachable) state
space S.
Strong bisimilarity on S is the unique fized-point of!

—\/OZSXS,
—\/k+1:

{(PaQ) € <k | (Va € ACt)(VC € S/vk) ’}/O(P73,C) = ’YO(Q)aVC)}'

1 'We are a bit sloppy here (and in the sequel). Definition 2.2.2 defines ~ as a
relation on the global state space S*! while here we compute only a particular
subset of ~, restricted to a subset S of this global state space, specifically the
state space of some process(es). The explicit restriction to a subset is needed
since the algorithm requires a finite state space. It computes bisimilarity on a
given state space, but not on S which, as we will learn in Chapter 5, is indeed
infinite. So, ’strong bisimilarity on S’ refers to ~ N (S x S).
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Table 2.2. Algorithm for computing strong bisimilarity classes

Input: labelled transition system (S, Act,—)
Output: S/ ~
Method:  Part := {S};
Spl == Act x {S};
While Spl not empty do
Choose (a,C) in Spl;
Old := Part;
Part := Refine(Part,a, C);
New := Part — Old;
Spl := (Spl — {(a,C)}) U (Act x New);
od
Return Part.

Milner [145] has shown that this property holds even for infinite state spaces.
However, some notation has to be clarified. S/—} denotes the quotient of S
under —, i.e., the set of equivalence classes of S with respect to the equiva-
lence relation “—y. This raises the question whether each ~— is an equivalence
relation indeed, because otherwise S/-— would not be well-defined. A simple
induction may be of help: First, —¢ is a trivial equivalence relation. Second,
assuming that —, is an equivalence relation, 4 also is, essentially because
=’ equality on boolean values, is an equivalence relation. Be reminded that
Yo (P,a,C) is a boolean function that returns true iff P can move into the
class C by performing an action a (Definition 2.2.3).

The refinement step from —y, to “—41 rules out those pairs (P’, Q') from
— for which v, produces (at least one) different truth value. In other words
P’ and Q' are split into different classes (of ~—j11), if one of them is able to
move into a class C' (of ~—}) by performing an action a while the other one is
not. So, (a,C) is a specific reason why (P’, Q') has to be split. A pair (a, C)
is therefore called a splitter.

Returning to the netting illustration, a splitter (a, C') is a means to weave
a new string into the netting. Such a new string splits all the meshes for which
Y6 (5, a, C) returns different truth values into two finer meshes such that all
states with the same truth value are contained in the same finer mesh. Since
each mesh is basically a set of states, the netting is a set of sets of states
corresponding to a partitioning of the state space. Formally the procedure of
refining a partitioning Part by means of a splitter (a,C) can be defined by

Refine(Part,a,C) :=

(UXePart (Uve{true,false} {{P € X |7,(Pa,C) = U}})> —{0}.

Each mesh X is refined into two meshes, one for each possible value of
Yo~ Since some of these meshes may be empty, the empty set is eventually
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extracted. This refinement step is the core of our global algorithm depicted in
Table 2.2. We initialise this algorithm with a partitioning {S} (a single mesh)
and a set of possible splitters Spl, containing (a, S) for each action a € Act.
In the body of the algorithm each of the splitters is iteratively applied to
refine the current partitioning. After each refinement, New contains all new
(and thus finer) meshes. Each of them gives rise to new splitters, one for
each action a € Act. All these splitters are added to Spl while the currently
processed splitter is removed.

The correctness of this partition refinement algorithm follows from a few
observations [125]. First, it is easy to see that for each partitioning Part,
Refine(Part,a,C) is finer than Part (but not necessarily strictly finer)?. In
addition, Refine(Part,a,C) is coarser than S/ ~ if Part is coarser than
S/ ~. If the set Spl is empty and Part is coarser than S/ ~, then Part
coincides with S/ ~. The algorithm is correct because the initial partition is
coarser than S/ ~. It terminates because no splitter is processed twice and
the number of possible splitters is bounded by |Act|2!5].

Ezample 2.3.1. We illustrate the basic algorithm by means of an example. We
aim to verify the equivalence classes of depicted in Figure 2.5. As
before, we use shading of states to distinguish states with diﬁerent properties,

o’o’o’ooo~
(BT
o,o,o,:,o,:,:« .

returns false while the others return true. As a result, we have to refine
% into two partitions, thus Part := { (23 ,%} Adding new
splitters to Spl (and removing splitter (in, &&p
picted in the second column of thz's ﬁgure

partition % Therefore, we splzt thzs partition into Cb and % Part be-

comes {Cb, @, %} and New is {Cb, @} We update Spl accordingly.

This leads to the situation depicted in the rightmost column of Figure 2.10.

Subsequent refinement steps do not reveal any distinction inside each of
the classes Cb, % and % The algorithm terminates when Spl is empty.
It has produced the equivalence classes already highlighted in Figure 2.5.

As illustrated by the above example, this algorithm works fine, but its com-
plexity is relatively bad. In particular, the administration of splitters can be
improved a lot. For instance, when updating Spl it is plausible to remove un-
processed splitters (a, C') from Spl, if C has been refined during the last step
(i.e., if C € (Old — Part)) because finer splitters will be processed anyway.

2 To order partitionings in this sense, we use the equivalence (| xepay X X X)
induced by Part’.
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Figure 2.10. Stepwise partition refinement

Further improvements are possible. We refer to [63] for the details of
an implementation that requires O(m, ) space and O(m, logn) time. Here n
is the cardinality of the state space |S| and m, the number of transitions,

e., | —>|. This algorithm was first proposed by Paige and Tarjan [154]. It
is worth to point out that most of the coarser equivalences, including testing
equivalence and trace equivalence, are PSPACE-complete [125].

2.3.2 Weak Bisimilarity

Weak bisimilarity can be computed in the same way, only replacing the tran-
sition relation —= by ==-. In other words, the algorithm is as before, but
partitions the state space with respect to == instead of —». For this pur-
pose we define a function 7, as the straightforward adaption of 4, by

false otherwise.

(P.a,C) { true if there is P’ € C such that P =% P/,
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Table 2.3. Algorithm for computing weak bisimilarity classes

Input: labelled transition system (S, Act,—)
Output: S/ =~
Method: Compute = from —;
Part := {S};
Spl == Act x {S};
‘While Spl not empty do
Choose (a,C) in Spl;
Old := Part;
Part := Refine(Part,a,C);
New := Part — Old;
Spl := (Spl — {(a,C)}) U (Act x New);
od
Return Part.

The global strategy to compute weak bisimilarity remains as in Table 2.2.
The only change concerns the refinement step where - replaces v,

Refine(Part,a,C) :=

<UX€Part (Uve{true,false} {{P € X [v,(Pa0) = v}})) —{0}.

However, to make use of the function 7,_, the algorithm has to compute the
weak transition relation = from —> a priori. This leads to an algorithm to
compute weak bisimilarity depicted in Table 2.3.

As a matter of fact, the computation of = dominates the complexity
of partition refinement, basically because the reflexive and transitive clo-
sure ——> of internal moves has to be computed in order to build the weak
transition relation. The usual way of computing a transitive closure has cubic
complexity. Some improvements are known for this task, see, for instance, [52]
for an algorithm with O(n?376) time requirements. In any case, this is the
computationally expensive part, since the time complexity of partition re-
finement is O(m/logn) (and space complexity is O(m/)), where m/ is the
number of weak transitions, i.e., | => |. Note that m/ is bounded by n?|Act|
which is of order O(n?).

Computing branching bisimulation equivalence classes [86] is based on
the same partition refinement strategy, but its implementation proceeds in a
different way, compared to Paige and Tarjan [154]. It’s space complexity is

better, it requires O(m”) space where m/” is m, plus the number of s
+

transitions. In fact, during initialisation only the computation of —> isnec-

essary instead of the full closure == for each a € Act. The time complexity

to do so is, of course, still O(n?37%). In the style of [86] the partition refine-
ment part of the algorithm requires O(nm/”) time. Bouali has adopted this
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Figure 2.11. The mail system example

branching bisimulation machinery to compute also weak bisimulation [30]. In
this way weak bisimulation requires the same order of space and time.

From a practical point of view the preference between these two imple-
mentations, the one of Paige and Tarjan and the one of Bouali, is not clear.
The full closure combined with Paige and Tarjan’s technique is inferior with
respect to space complexity while it is, in the worst case, superior with respect
to time complexity. The worst case arises for a fully connected transition sys-
tem, i.e., —> = S x Act x S. In this case, Bouali requires O(n?) time while
the Paige and Tarjan implementation (plus full closure) requires O(n?376)
time.

However, the complexity of the necessary closure operations is always bet-
ter in Bouali’s implementation. In addition, also the overall time demands are
often superior: In many cases the density of transitions is far lower than the
worst case. Usually each —s s only connecting few pairs of states, compared
to S x S. Thus m, tends to be drastically smaller than the possible worst
case |Act|n?. Then it depends mainly on the number of internal transitions
whether the time O(nm/) is better than O(m/ logn), because this governs
the size of m/ compared to m".

2.4 An Application Example: Brebner’s Distributed
Mail System

In this section we illustrate the main ingredients we have presented in the
previous sections and their benefits. We build upon a case study of G. Breb-
ner [37], who described the use of CCS [145] to investigate a problem which
arose in a distributed electronic mail system. Practical experience showed
that the system contained a deadlock and this was confirmed by an analysis
of the CCS model. Here, we use interactive processes to represent a (slightly
simplified) system.

We first describe the global structure of the specification and then turn
our attention to the behaviour of each component. Afterwards we apply the
operational semantics in order to generate the underlying transition system,
and subsequently aggregate it by means of the algorithms of Section 2.3.
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Figure 2.12. Interactive processes of the mail system

Finally, we show that the compositional structure of the specification can be
exploited by compositional aggregation circumventing the generation of large
portions of the state space.

Specification. The system provides a bidirectional electronic mail connection
between local users and the rest of the world, the net. It consists of three
processes and four buffers. We explain the structure, depicted in Figure 2.11,
from left to right. The process FILE manages the file transfer, in particular it
collects incoming mail from a buffer NF connected to the net and delivers it
to the MAIL process via an internal buffer FM, or takes outgoing mail from
an internal MF buffer to deliver it to the net. A rather abstract view on the
interactions of the process FILE is depicted in Figure 2.12 (upper left).

The MAIL process handles incoming mail or forwards outgoing mail, con-
tained in the buffer UM to the FILE process via buffer MF. It will process
all outgoing user mail, until the UM buffer is empty (um_empty), before han-
dling incoming mail. By means of action d_start, incoming mail is passed
to the process DELIVER which evaluates the header of the mail. The MAIL
process waits for a signal of the DELIVER process (d_stop) before processing
further mail. This behaviour is represented in Figure 2.12 (upper right).

The process DELIVER typically delivers mail to the user; alternatively
it may forward the mail to another site by putting it into the buffer UM
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Figure 2.13. Hierarchical structure of the mail system specification

responsible for outgoing mail. This is the case if for instance the recipient of
the mail has set up a forwarding procedure to another site, as this user has
temporarily moved there. The decision between forwarding and delivering is
internal, since it only depends on the information contained in the header
of the mail and local information about which user requires forwarding. The
decision is modelled as internal nondeterminism in Figure 2.12 (lower left)
by means of two —> transitions emanating the state reached after d_start.

In this introductory example we model all the buffers with one place
only. This is sufficient to analyse the functionality of the system. All buffers
have the structure of a one-place buffer (cf. E; in Figure2.1), except buffer
UM. This buffer provides the possibility to test for emptiness (um_empty). In
addition it is able to accept mail from different origins, namely either from
the users (mail) or from the process DELIVER (um_in).

The overall system is modelled by the following hierarchy of parallel com-
position and abstraction of components that nicely reflects the structure,
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The detailed behaviour of each component is depicted in Figure 2.13. This
system is again an interactive process, it interacts with the environment on

receive and send on the net side and with deliver and mail on the user side.
All other activities of this process are internalised by means of abstraction.

Analysis. In order to explore the behaviour of this specification, we iteratively
apply Definition 2.1.3 and Definition 2.1.4. This leads to a transition system
with 413 states and 1140 transitions. By applying the algorithms sketched in
Section 2.3 this transition system can be aggregated to 356 states, in the case
of strong bisimilarity, and 160 states in the case of weak bisimilarity. Indeed,
the inspection of either of these transition systems reveals that the system
contains a deadlock.

G. Brebner [37] has given a detailed explanation of the deadlock situa-
tion3. It arises when buffer UM is full while DELIVER is trying to forward
a mail back to the net by means of um_in. In this case the system is stuck,
since MAIL is waiting for DELIVER to finish delivery (d_stop) before handling
further outgoing mail from UM. The existence of a deadlock is independent
from the buffer size.

Compositional Analysis. We have used abstraction to hide actions that are
not required for synchronisation outside a certain level of the hierarchical
specification. This is not only preferable in order to enhance the understand-
ing of the example. It is also valuable in order to apply compositional ag-
gregation techniques to the generation of the state space. In this example,
the original state space consists of 413 states even though the relevant infor-
mation is contained in the weak bisimilar variant that only consists of 160
states. Compositional aggregation can avoid to construct the whole original
state space in favour of a smaller one. For this small example this is surely not
required, because the state space is manageable without problems. However,
since compositional aggregation has turned out to be of crucial importance
to cope with systems of billions of states (cf. [44], for instance), we explain it
by means of our introductory example. The strategy of compositional aggre-
gation will re-appear in later chapters.

3 To be precise, the system contains three different deadlocking situations; the
most interesting one is discussed here.
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Compositional aggregation relies on the fact that bisimilarity is a congruence
with respect to hiding and parallel composition. Theorem 2.2.2 expresses
this property for weak bisimilarity. It justifies to replace a component by
an equivalent one inside a larger specification. Compositional aggregation
exploits this during the construction of the state space. Definition 2.1.3 and
Definition 2.1.4 are applied iteratively to components of the specification.
But the iteration is interwoven with aggregation phases of the intermediate
state spaces by means of partition refinement (Section 2.3). For instance, we
may explore the user side of the specification,

DELIVER
‘s UM
59 um_empty
MAIL

and obtain a process with 19 states and 31 transitions. Applying the weak
bisimulation algorithm (Table 2.3) factors the state space into equivalently
behaving classes of states. By representing each class by a single state we
obtain an aggregated process, say U, which consists of 10 states and 17
transitions. Similarly the net side,

FM

fm_in
mf_out

MF

consists of 25 states and 58 transitions, but can be aggregated to a weakly
bisimilar process N with 20 states and 48 transitions. Due to the congruence
result (Theorem 2.2.2) we are free to use these smaller interactive processes,
U and N, instead of the original user, respectively net side specifications.

Thus it is sufficient to investigate | N _mfiin,fmout U m This aggre-

gated specification turns out to have 189 states and 528 transitions. This is
rather close to the minimally required state space, 160 states (though not
overwhelming compared to 413 states). For larger examples the gain in state
space aggregation can amount to several orders of magnitudes, especially if
this strategy is applied iteratively, along the hierarchy of parallel composition
and abstraction, as in [44].
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2.5 Discussion

In this chapter we have introduced a rudimentary calculus of interactive pro-
cesses. It consists of labelled transition systems with initial states, together
with two composition operators, parallel composition and hiding. The nota-
tion we are using for interactive processes as well as our composition operators
are a bit unusual.

Interactive processes have an intuitive correspondence to Petri nets. In-
deed, they correspond to (transition labelled) state machines, the subclass
of concurrency free Petri nets. Note that parallel composition does not in-
troduce true concurrency into the framework of interactive processes, since
parallelism is modelled by interleaving the different possibilities of interaction
nondeterministically. Therefore the result of parallel composition is again an
interactive process that does not exhibit explicit concurrency.

On this model we have discussed the question what requirements should
be fulfilled by a reasonable equivalence notion. Essentially recalling the moti-
vations for strong and weak bisimilarity, we have highlighted that a reasonable
equivalence

— should only equate processes with the same behaviour,
— should be substitutive with respect to the operators,

— should be decidable in an efficient way, and

— should allow one to abstract from internal computation.

The mathematical elegance of bisimulation (due to its coinductive definition)
turned out to be also valuable for the computational complexity of deciding
these relations. We have sketched algorithms to compute strong, weak and
branching bisimilarity by means of partition refinement. In Section 2.4 we
have exemplified the benefits of (weak) bisimulation for compositional aggre-
gation by means of a mail system example. These relations and algorithms
form the basis of the results and techniques developed in the next chapters
where we will incorporate stochastic time into this framework.
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This chapter deals with a particular class of stochastic models that form a
cornerstone of this book. Stochastic models are widely used to describe phe-
nomena that change randomly as time progresses. We focus on Markov chains,
as simple and adequate models for many such phenomena. More precise, we
cover discrete- as well as continuous-time Markov chains. We discuss details
of their analysis to set the ground for the requirements of later chapters,
and introduce useful equivalence relations for both types of models. These
relations are defined in the style of bisimilarity and are akin to the notion
lumpability on Markov chains. Furthermore, we present efficient algorithms
to compute these relations, which, as a side result, can be used to compute
the ’'best possible’ lumping of a given Markov chain.

3.1 Stochastic Processes

A stochastic process {X: | t € T} is a family of random variables X; de-
fined over the same probability space and taking values in a set .S, usually
referred to as the state space of a process. The parameter set T is often
interpreted as time, and is sometimes called the time range. Each random
variable X; describes a snapshot random distribution on the state space S of
the process at time t. The time range can be either discrete or continuous.
This distinction separates two classes of stochastic processes, discrete-time
stochastic processes and continuous-time stochastic processes. For simplicity,
we assume that T is a subset of the nonnegative real numbers R" in the
continuous-time case, while in the discrete-time case we identify T with the
set of natural numbers N (including 0).

Ezample 3.1.1. An example of a stochastic process {X; | t € T} may be
the evolution of temperature at a specific place, say in Papenburg, Germany.
The state space S of such a process will be a reasonable temperature range.
FEach random variable X will then give a probability for any possible temper-
ature at time t. If we are, for instance, considering the maximal or average
temperature per day, the time range can be discrete. This leads to a discrete-
time stochastic process where Xq describes a probability distribution on the

H. Hermanns: Interactive Markov Chains, LNCS 2428, pp. 35-55, 2002.
(© Springer-Verlag Berlin Heidelberg 2002
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temperature range of the very first day, X1 of the day after, and so on. Alter-
natively we may describe the continuous evolution of temperature by means of
a continuous-time stochastic process (i.e., choosing a continuous time range).

A Markov process is a stochastic process that satisfies an additional re-
quirement. This Markov property requires that, for any given time instant
(say ty) the future behaviour, for instance the value of Xy, ,, is totally in-
dependent of its history, i.e., the values of X;, ,, X, ,, and so on. It only
depends on the state occupied at the current time instant t¢,,, given by the
value of X, .

In mathematical terms the Markov property requires that, for each se-
quence of time instances t,,41 > t,, > tn_1 > tp—2 > ... > to (of arbitrary
length n), we have that for each (measurable) subset A of states,

P’I"Ob{th_H cA | th = Pn7th_1 = n—l’th_Q =tn—92,... 7Xt0 = Po}
= Prob{X;,,, € A| X:, = P,}. (3.1)

n41

Thus, the fact that the process was in state P,,_; at time t,,_1, in state P,,_o
at time t,,_o, and so on, up to the fact that it was in state Py at time #q is
entirely irrelevant. The state X, contains all relevant history information to
determine the random distribution on S at time ¢,,41.

This property owes its name to A.A. Markov, who studied processes with
this property at the beginning of the last century [137]. To be precise, the
above definition is tailored for continuous-time Markov processes. In the
discrete-time case, the Markov property becomes somewhat simpler, since we
do not have to bother about arbitrary sequences of time instances. Instead,
we consider the (unique) sequence that contains all former time instances.
Since we identified T with N we simply require for arbitrary ¢t € N,

P?"Ob{Xt+1 cA | X; = Pt7Xt_1 = Pt_17Xt_2 = Pt—27 . 7)(0 = Po}
= P?"Ob{Xt+1 cA | X = Pt} (32)

Example 3.1.2. If the probability to reach a certain mazimal temperature on
a specific day does not depend on the temperature reached the days before,
the temperature evolution could describe a discrete-time Markov process. Of
course, even in Papenburg, this is rarely the case.

It is worth to point out that the Markov property does not imply that
the future behaviour is independent of the current time instant ¢. If the value
X; does depend on t, the process is said to be inhomogeneous. However,
throughout our discussion in the remainder of this book we shall assume
that Markov processes are independent of the time instant of observation. In
this case, a Markov process is said to be homogeneous; we gain the freedom to
arbitrarily choose the origin of the time axis. In technical terms, homogeneity
requires that we have (for ¢ > ¢, and measurable A C S),

Prob{Xy € A| X, =P} = Prob{Xy_,<P'|Xo,=P}. (3.3)
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Example 3.1.3. If the probability to reach a certain mazimal temperature on
a day does not depend on the date of this day (relative to the first day of
observation) the process is homogeneous.

The last simplification that we will impose concerns the state space S of
a homogeneous (discrete- or continuous-time) Markov processes. Similar to
the time range, the state space can be either discrete or continuous. We only
consider discrete state spaces. This class of Markov processes is widely known
as Markov chains.

Example 3.1.4. If the temperature is measured in real numbers, the state
space would be continuous. By dividing the temperature range into intervals,
we obtain a discrete state space. In particular we may choose, say, three in-
tervals of high, medium and low temperature, then the state space is discrete,
containing three states.

In summary, we have made three major restrictions starting from the very
general model of stochastic processes. Apart from the Markov property we
have required homogeneity as well as discrete state spaces. The resulting class
of homogeneous discrete-time and continuous-time Markov chains is admit-
tedly one of the simplest classes of stochastic processes at all. Nevertheless
Markov chains are used to model a large variety of real world applications,
partly because they closely model some real situations, partly because of
their simplicity when it comes to numerical analysis by means of efficient al-
gorithms [181]. The enormous amount of literature that exists on this subject
testifies this.

3.2 Discrete-Time Markov Chains

A discrete-time Markov chain (DTMC) is a Markov process with discrete time
range and discrete state space. The discreteness of the state space ensures,
together with our assumption of time homogeneity (3.3), that the Markov
property (3.2) can be reformulated as

PTOb{XtJrl = Pl | Xt = P, Xt,1 = Pt,hXt,Q = Pt,Q7 N 7)(0 = Po}
= P?"Ob{Xt+1:P/|Xt:P}
= P’I"Ob{XlzpllXO:P}.

It is important to note that this expression denotes the probability to reach
state P’ from state P in a single time step and that this probability is in-
dependent of the actual time instant of observation. In other words, it is
the one-step transition probability between two states. This remark builds a
bridge to our notion of transition systems introduced in Chapter 2. If we let
p denote Prob{X; = P | Xg = P’} (or Prob{Xs = P | X; = P'}, and so on),
we can neatly represent this one-step transition probability from P to P’ by
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Figure 3.1. Probabilistic chain

means of a probabilistic transition P > P’ where a transition is labelled
with a probability instead of an action, as it has been the case in Chapter 2.

Definition 3.2.1. A probabilistic transition system (PTS) is a tuple
(S,—), where

— S is a nonempty set of states, and

— — is a probabilistic transition relation, a subset of S x R* x S such that,
for each state, probabilities of outgoing probabilistic transitions cumulate
to 1.

In this definition we have added a restriction essentially saying that for all
states the cumulative probability to move somewhere in a single step is 1. This
should be an obvious requirement to obtain a proper probability distribution
among successor states.

Now the question arises in which way DTMC and PTS are related. Indeed,
a probabilistic transition system gives us almost all the necessary information
to completely determine a specific DTMC. It defines all (nonzero) one-step
transition probabilities on the state space. The only information that is miss-
ing to determine the dynamics of this chain is the shape at the beginning
of its observation, i.e., at time instant 0. This information might be a par-
ticular initial state or, more generally, assign probabilities to different initial
states, by means of an initial probability distribution. Since the latter can be
encoded (by adding probabilistic transitions out of a single, auxiliary initial
state) into the former, we restrict ourselves to those DTMC that possess a
single initial state P. We call them probabilistic chains.

Definition 3.2.2. A probabilistic chain is a triple (S,——, P), where

— (S,—~) is a probabilistic transition system, and
— P € S is the initial state.

Example 3.2.1. Figure 3.1 contains an example of a probabilistic chain. As
before, the initial state is marked by ©. A possible interpretation of this chain
is that it describes the evolution of temperature between the three states Eoq,
E51 and FEso, representing high, medium, respectively low temperature. So,
if the temperature is high it will stay high with a probability of 0.8 while it
will become medium with probability 0.2 on the day after. (We will not bother
about the plausibility of this specific example).
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In this example we have not used the full expressive power of a transition re-
lation SxR* x 5. As opposed to a transition function Sx S — R™ there can
be multiple probabilistic transitions between two states, each labelled with
a different probability. However, this degree of detail is not representable
in a DTMC. Therefore, probabilities of such ’'parallel’ transitions have to
be cumulated in order to obtain the proper one-step transition probability.
We have chosen a relation instead of a function for technical reasons, es-
sentially to ensure compatibility among the different parts of our dynamic
process model.! For the moment we exclude probabilistic chains with ’paral-
lel’ transitions by requiring that for each pair (P, Q) of states it holds that
(> N({P} x R x {Q}))| < 1.

Let us highlight another important property of DTMC and thus of prob-
abilistic chains by means of the above example. The chain Esy stays in this
(initial) state with probability 0.8 during the first step. Similarly, the proba-
bility to (still) stay in this state after two steps amounts to 0.8-0.8. It is easy
to calculate that the sojourn time SJp, i.e., the number of consecutive time
steps the process remains in a given state P before exiting, is geometrically
distributed, i.e.,

Prob{SJp =i} = p'(1 —p).

For the initial state of our example, p = 0.8 and hence we have, for instance,
Prob{SJg,, =2} =0.82-0.2 = 0.0128. It is worth to point out that this dis-
crete distribution is memoryless. This refers to the fact that the information
that we have been in a state for a certain amount of time is irrelevant for
the distribution of the residual sojourn time. It remains geometrically dis-
tributed with the same parameters. This memoryless property is a natural
consequence of the Markov property. Since the future of a Markov chain de-
pends on the present state only, but not on the states observed at preceding
time instances, the sojourn time cannot depend on the time already spent
in the present state. Returning to our example, the probability to stay in
state g for precisely 1002 consecutive time steps is also 0.0128, under the
assumption that we get interested in this probability after 1000 time steps.
In technical terms we have

Prob{S.Jg,, = 1002 | SJg,, > 1000} = Prob{S.Jg,, = 2} = 0.0128.

The class of geometric distributions is the only class of memoryless discrete
probability distributions.

3.3 Continuous-Time Markov Chains
The definition of continuous-time Markov chains (CTMC) is slightly more
involved compared to DTMC. However it is worth to thoroughly introduce

! Indeed, we will later allow multiple transitions labelled with the same probability,
by using a multi-relation instead of a relation.
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them here, since CTMC form the base of contemporary performance evalua-
tion methodology. A CTMC is a Markov process with discrete state space but
continuous time range. As with DTMC, we reformulate the Markov property
(3.1), adjusting some notation, for t,, + At > t,, > t,—1 > tp_o > ... > to, as
follows:

Prob{X, +a =P | X,, =P, X, , =P,
= Prob{X;,4a =P | X;, =P}
= Prob{X, =P | Xy = P}.

As in the discrete-time case, this probability is (due to time homogeneity
(3.3)) independent of the actual time instant ¢, (or ¢ or 0) of observation.
Nevertheless it does depend on the length of the time interval At. It requires
some limit calculation to deduce that we are confronted with a linear depen-
dence [128]. More precise, for every pair of states P and P’, there is some
parameter A such that (for sufficiently small At)

Prob{Xa = P' | Xo = P} = MAt + o(At)

where o(At) subsumes the probabilities to pass through intermediate states
between P and P’ during the interval At. The quantity A is thus a transi-
tion rate, a nonnegative real value that scales how the (one step) transition
probability between P and P’ increases with time. Here, we have implicitly
assumed that state P is different from P’. If, otherwise, state P and P’ co-
incide, the probability to stay in state P during an interval At (and hence
Prob{Xa, = P | Xo = P}) decreases with time, starting from 1 if At = 0.
The corresponding transition rate is thus a negative real value. It is implicitly
determined by the increasing probability to leave state P; that is, it is the
negative sum of the respective transition rates.

Unlike transition probabilities (in the CTMC setting), transition rates
do not depend on the length of time intervals. In addition, the probabilistic
behaviour of a CTMC is completely described by the initial state (or distribu-
tion) and the transition rates between distinct states. We therefore proceed
as in the discrete-time case and fix a CTMC by means of a specific transition

Xt, , =5 Xty = Pro )

n—17 n—27"°"

A
relation, P —1—> P’, defined on a state space S, together with an initial state
P. We call them Markovian chains.?

Definition 3.3.1. A Markovian transition system is a tuple (S,—1>), where

— S is a nonempty set of states, and
— —1—> is a Markovian transition relation, a subset of S X R" x S.

A Markovian chain is a triple (S,—t—, P), where

— (S,—o~>) is a Markovian transition system, and
— P € S is the initial state.

2 Note that we make a difference between Markov chains and Markovian chains,
the latter being a special case of the former.
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Figure 3.2. Two Markovian chains

FEzample 3.3.1. Figure 3.2 contains two examples of Markovian chains, Esg
and E31.

Markovian chains are a bit more expressive than CTMC. Similar to PTS
compared to DTMC, ’parallel” Markovian transitions are not representable
directly in a CTMC. We therefore restrict ourselves to those Markovian chains
satisfying that for each pair (P, Q) of states it holds that |(—> N({P}xR™ x
{eh)l <1

Furthermore, loops of Markovian transitions (for instance Es; —g—> Es1)
are irrelevant for the probabilistic behaviour of the associated CTMC. Loops
can be ignored because the probability to stay in a state decreases with a
rate cumulated from all the rates leading away from this state (0.4, in this
example). We could easily avoid such unnecessary loops, by requiring that
the transition relation is irreflexive.

Complementary to the role of geometric distributions in the discrete-time
case, the sojourn time distribution SJp for any state of a CTMC is exponen-
tially distributed. To illustrate why the sojourn time is given by an exponential
distribution, we first require to highlight some important properties enjoyed
by exponential distributions. They will also be crucial for many explanations
in later chapters.

(A) An exponential distribution Prob{delay <t} = 1—e~* is characterised
by a single parameter A, a positive real value, usually referred to as the
rate of the distribution. The mean duration of this delay amounts to 1/
time units.

(B) In correspondence to geometric distributions in the discrete-time setting,
the class of exponential distribution is the only class of memoryless con-
tinuous probability distribution. The remaining delay after some time ¢g
has elapsed is a random variable with the same distribution as the whole
delay:

Prob{delay < t+ty | delay > to} = Prob{delay < t}. (3.4)

(C) The class of exponential distributions is closed under minimum, which
is exponentially distributed with the sum of the rates:
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Prob{min(delay,, delays) < t} =1 — e~ M1+r2)t, (3.5)

if delayy (delays, respectively) is exponentially distributed with rate A
(A2).

(D) The probability that delay; is smaller than delays (and vice versa) can
be directly derived from the respective rates:

Prob{delay; < delays} = ,\/\ﬁ ’ (3.6)
1+ A2

Prob{delays < delay; } /\Aﬁ . (3.7)
1+ A2

(E) The continuous nature of exponential distributions ensures that the prob-
ability that both delays elapse at the same time instant is zero.

With these properties, we can turn our attention to the sojourn time distri-
butions in a Markovian chain. For each state P, there is some parameter A
such that

Prob{SJp <t} =1—e M.

In the «case of FEj3y, for instance, A=04 and therefore
Prob(SJg,, <2)=1-¢e98=0.55. The quantity 0.4 is the rate of
leaving state E3g and appears as the parameter of this distribution. If
multiple Markovian transitions emanate a state P, the parameter of the
sojourn time distribution SJp is obtained by cumulating all the transition
rates (except for loops, of course).

In a sense, each Markovian transition P —>|\]L—> P, (with P # P;) con-
tributes a clock C; with an exponentially distributed expiration time to the
sojourn time of P, determined by A = " A;. The interpretation is as fol-
lows. All these clocks are (re)initialised whenever the state is entered. The
sojourn time elapses as soon as either of the clocks, say Cj, has elapsed, and
the system jumps to the respective successor state P;. The sojourn time is
hence given by a minimum of exponential distributions. Since according to
property (C) the minimum of such distributions is exponentially distributed
with the sum of the rates, this interpretation explains why the parameter A
of SJp is cumulated from the individual transition rates A;. Furthermore, the
probability to reach state P; is given by the fraction A;/ > A;, the probability
that clock C} is first to elapse.

Since the sojourn time distribution is exponential, it is memoryless, as in
the discrete-time case, and we get3

Prob{SJp <t+ At | SJp >t} = Prob{SJp < At} =1 — e 4t

Thus, we obtain, for instance, Prob{SJg,, < 1002 | SJg, > 1000} =
Prob{SJg,, <2} =0.55, in analogy to the discrete-time case.

3 As a consequences of the memoryless property the re-initialisation of those clocks
that do not have expired is irrelevant when reentering a state.
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3.4 Analysing Markov Chains

The study of Markov chains is usually aiming to condense relevant time-
dependent or long-term information out of the detailed description of the
chain. Typical measures of interest include

— mean time MTA until an absorbing state is reached,

— mean time MTFP(P) until the first passage of a specific state P,

— probability Prob{X; = P} to be in a specific state at a specific point in
time ¢,

— limiting probability tlgglo Prob{X; = P} to be in a specific state provided
that the chain has reached an equilibrium.

More advanced measures can be defined using a temporal logic, as e.g. in [17],
but of course, not every measure is meaningful for every Markov chain. For
instance, it is only reasonable to ask for the mean time until absorption if the
chain does indeed contain absorbing states, i.e., states that do not possess
successor states, and if at least one of these states is reachable from the initial
state. Similarly, the existence of an equilibrium can only be guaranteed under
some conditions.

For a homogeneous (discrete- or continuous-time) Markov chain with fi-
nite state space, an equilibrium is known to exist if the Markov chain is
ergodic. Ergodicity, in turn requires irreducibility and, in the discrete-time
case, aperiodicity. A chain is irreducible if any state is reachable from any
other state by means of a sequence of (probabilistic, respectively Markovian)
transitions. (Note that irreducibility implies the absence of absorbing states.)
Aperiodicity refers to the number of steps needed from state P to return to
state P. If the period of P, the greatest common divisor of all such numbers,
amounts to 1, then the state is said to be aperiodic. An irreducible chain is
aperiodic if one of its states is, since all states in such a chain have the same
period.

Example 3.4.1. The probabilistic chain FEoo of Figure 3.1 describes an irre-
ducible, aperiodic DTMC. It is thus ergodic, whence we know that an equi-
librium exists. On the contrary, the Markovian chain Esg (Figure 3.2) is not
irreducible.

Supposing that we are studying a probabilistic chain (S,—~, P) with an
ergodic DTMC X, we can now turn our attention towards the computation
of the limiting state probabilities in the equilibrium, tlinolo Prob{X; = P},
denoted 7, in the sequel. The computation is usually called steady state
analysis, as opposed to transient analysis that evaluates the time dependent
state probabilities Prob{X; = P}. We refer to [181, 91] for a discussion of
numerical algorithms for transient analysis.

State probabilities give very fine grain information about the Markov
chain. This is often required to get some particular insight into the be-

haviour. If we define lab(P,Q) = p in case there is a transition P s Q
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and lab(P,Q) = 0 otherwise, then we can obtain the probabilities 7, by
solving the set of linear equations

Ty = Z m,, lab(P', P) for each P € S. (3.8)
P'es

Any solution of these equations # = (7., P € S) will be called an unnor-

malised steady state distribution. Due to the condition of irreducibility, several

of these solutions exist. In order to obtain a proper probability distribution

on S, the solution has to be normalised by taking into account that the

probability to be in any of the states of the chain always cumulates to 1,

ie, Y pegm = 1.

Ezample 3.4.2. The steady state distribution of the probabilistic chain of Fig-
ure 3.1 satisfies the equations

TEy» — 4/5 TEy T TEa
TEx» = 1/3 Ty T 1/5 T E30
T Eogs = 2/3 TEo -

As a result of normalisation with mg, +7g,, +7E,, = 1 we obtain mg,, = 2/3,
TEy — 1/5, and TEyy = 2/15

Analysing steady state probabilities of a Markovian chain describing an
ergodic CTMC proceeds in precisely the same way, apart from the fact
that transition rates replace transition probabilities in function lab and that
lab(P, P) = —X where X is the rate of the sojourn time SJp. Solving a set
of linear equations is usually performed by means of matrix calculations and
efficient methods exist, tailored to the setting of Markov chains [181].

State probabilities are often the starting point to obtain more general
insight into the behaviour of a chain. Indeed, they form the basis of a wide
class of measures that appear (in the simplest cases) as weighted sums of
such probabilities. To obtain a particular measure each state P is equipped
with a reward R(P) provided by a real valued reward function R : S — R.

For instance if the chain models an unreliable system, we can isolate those
states where the system is down. They obtain a reward $(s) = 1 while all
others obtain reward 0. A measure of interest, the probability that the system
is down (in the equilibrium), then arises as the weighted sum

> m R(P). (3.9)

PeS
Example 3.4.3. We have earlier provided an interpretation of chain Fag
as a model of temperature evolution. If we are interested in the proba-
bility for having a modest or hot climate, we may define that R(Eq) =
R(E21) = 1 and R(Ee) =0. We thus calculate the weighted sum
Y PE{Fao, By, Ban} T R(P) =2/3+1/5 = 13/15 as the steady state prob-
ability for this situation.
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The same formula (3.9) can be used to compute various other measures. If, for
instance, the system under investigation contains a queue we can compute
the mean queue length by assigning R(P) = n iff precisely n places are
occupied in the queue. More complicated reward structures are known, that
cover performability and dependability aspects, see e.g. [92].

3.5 Equivalences on Markov Chains

Strong and weak bisimilarities, as introduced in Chapter 2, are central in
the theory of process algebraic equivalences. Apart from their theoretical
importance, a practical merit is the possibility of behaviour preserving state
space aggregation, as exemplified in Section 2.4. This is achieved by neglecting
the identity of states in favour of equivalence classes of states exhibiting
identical behaviours. We follow the same spirit in the context of Markovian
(and later also of probabilistic) chains. We achieve a state space aggregation
method that is profitable in order to allow one to analyse complex Markov
chains.

3.5.1 Bisimilarity on Markovian Chains

We begin our efforts to define a bisimulation style equivalence in the context
of Markovian chains. For a given chain, assume that we are only interested in
probabilities of equivalence classes of states with respect to some equivalence
~ (that we are aiming to define) instead of probabilities of states. Any such
equivalence preserving view on a Markovian chain gives rise to an aggregated
stochastic process X = {X;|t € T'}. It can be defined on the state space S/~,
the set of the equivalence classes with respect to ~, by

Prob{X, = C} := Prob{X, € C} for each C € S/~. (3.10)

X is a discrete state space stochastic process, but it is not necessarily a
CTMC, let alone a time homogeneous one. However sufficient conditions exist
such that X is again a time homogeneous CTMC. They impose restrictions
on the shape of the sets C' and are known as lumping conditions [128]. We
approach them from a different perspective, namely by constraints on the
equivalence ~, similar to [42, 114]. Anticipating the technical details, we
achieve that X is a homogeneous CTMC, if ~ is a variant of bisimulation.
The difficulty is that we have to equate not only qualities but also quantities,
for example transition rates of moving from one state to an equivalence class.
In contrast, bisimilarity only talks about a (logical) quality: Either there is
a move from a state into a class possible or it is impossible, but tertium non
datur.

The bridge to quantify strong bisimilarity is an alternative characterisa-
tion of (ordinary) strong bisimilarity that we have mentioned as Lemma 2.2.2.
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To recall its essentials, note that it uses a predicate v, : S x Act x 29
{true, false} that is true iff P can evolve to a state contained in a set of
states C' (by interaction on action a). Bisimilarity then occurs as the union
of all equivalence relations that equate two states if they posses the same v,
values (for each possible combination of action a and equivalence class C).

We follow this style of definition but replace the predicate 7, by a (non-
negative) real-valued function 7,, : § x 25 R*, that calculates the cumu-
lative rate to reach a set of states C from a single state R by

(R, C) = 3" {AR—o> R and R’ € CJ}.

In this definition we let > {| ... [} denote the sum of all elements in a multiset
(of transition rates), where { ... [ delimits this multiset. The need for this
notational burden is best explained by means of an example.

Example 3.5.1. Considering Figure 3.2, the cumulative rate to reach any
state in S from state Esg is v, (E30,5) = > {0.2,0.2]} which amounts to 0.4
due to our definition. Note that by the additional restriction imposed below
Definition 3.3.1 multiple transitions labelled with the same rate are prohibited
between pairs of states, but they may anyway occur from a state to multiple
successor states, as in this example.

We are now ready to lift bisimilarity to the setting of Markovian chains,
along the lines of Definition 2.2.2 and Lemma 2.2.2.

Definition 3.5.1. For a given Markovian chain (S,—u>, P), an equivalence
relation € on S is a Markovian bisimulation iff PEQ implies that for all
equivalence classes C of € it holds that

T (P7 C) = Tm (Qv O)

Two states P and Q are Markovian bisimilar, written P ~ Q, if (P,Q) is
contained in some Markovian bisimulation £.

Thus ~,, is the union of all such equivalences. Indeed, it is itself a Markovian
bisimulation and therefore the largest such relation.

Definition 3.5.2. For a given Markovian chain (S,—t>, P) and a Marko-
vian bisimulation € on S, define an aggregated chain (S/E,—ui>¢, [P|s) where
the Markovian transition relation —i—>¢ s given by

Ple—t>e Qe iff 7 (PL[Q)e) = A

Example 3.5.2. With the notation introduced in Chapter 2 each of the sets
Cb, %, é@ , and % appearing in Figure 3.8 is a class of an equiv-

alence relation £ on the state space of FEso satisfying Definition 3.5.1. In
particular, we compute the values
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Figure 3.3. Markovian chain and its aggregated representative
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for the states in the respective classes, all other values of ~,, are zero. The
aggregated Markov chain [Esgle obtained by applying Definition 3.5.2 is de-
picted on the right.

Theorem 3.5.1. Let P be a Markovian chain, describing the CTMC X and
let & be a Markovian bisimulation on the state space of P. The aggregated
chain Pg describes a homogeneous CTMC X such that for all equivalence
classes C of &, B

Prob{X, = C} = Prob{X, € C}.

Proof. The conditions imposed on a Markovian bisimulation can be matched
with the definition of lumpability [128, 42, 114].

As a particular consequence, the stochastic process induced by factoring with
respect to a Markovian bisimulation is again a homogeneous CTMC.

As mentioned above this kind of aggregation is known as lumping. Lump-
ing is usually formulated with respect to a suitable partitioning of the state
space. Here, we have defined a suitability criterion in a coinductive way. Our
partitioning is obtained via factoring with respect to a bisimulation.

The most profitable result obtained from this style of definition is that we
are able to adopt partition refinement algorithms for computing bisimilar-
ity to the setting of CTMC. As a result, we can efficiently compute suitable
partitionings. The original definition of lumpability in [128] is not construc-
tive, i.e., it does not give rise to an algorithmic way to compute suitable
partitions. Therefore, the use of lumping had to rely on heuristics, e.g. by
detecting symmetries in the model, as in [167, 46, 176].

3.5.2 Bisimilarity on Probabilistic Chains

With the notational and conceptual background of the previous section, it is
rather straightforward to define a bisimulation style equivalence for proba-
bilistic chains. In order to compare the probabilistic behaviour of two states
we define a cumulative probability function 7, : S x 2% R* along the lines
of v,
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% (R.C) =Y {plR—~> R and R’ € Cl}.

As in the continuous-time case, we define bisimulation in the probabilistic
setting based on Lemma 2.2.2.

Definition 3.5.3. For a given probabilistic chain (S,—>, P), an equivalence
relation € on S is a probabilistic bisimulation iff PEQ implies that for all
equivalence classes C of € it holds that

e (Pv C) =7 (Q,C)

Two states P and Q are probabilistic bisimilar, written P ~, Q, if (P,Q) is
contained in some probabilistic bisimulation &.

Thus ~, is the union of all such equivalences. It is itself a probabilis-
tic bisimulation and therefore the largest such relation. However, it seems
worth to remark a surprising difference to the continuous case. Probabilistic
bisimilarity on a given probabilistic chain with state space S always leads to
a trivial result: it equates all the states, because by definition v, (P,S) = 1
holds for each of the states (Definition 3.2.1). Thus S is the only equivalence
class of ~.

This observation does by far not imply that the concept of probabilistic
bisimulation is useless. Indeed, any probabilistic bisimulation (including ~_)
can be used to aggregate the state space of a given probabilistic chain, by
factoring the state space, i.e., considering classes of equivalent states instead
of individual states. But not every bisimulation is appropriate to aggregate
the state space, dependent on the information we would like to condense from
the chain.

A Dbisimulation should respect the measures of interest we are aiming
to obtain. In particular, if a reward function R is provided, a bisimulation
should not equate states with different reward values, because otherwise it
would be impossible to associate rewards to classes of equivalent states. We
therefore introduce the notion of R-preserving probabilistic bisimulation that
is parametric in the reward function R.

Definition 3.5.4. A probabilistic bisimulation £ on S is an R-preserving
probabilistic bisimulation iff PEQ implies R(P) = R(Q). Two states P and
Q are R-preserving probabilistic bisimilar, written P Nf Q, if (P,Q) is con-
tained in some R-preserving probabilistic bisimulation .

Again, Nf is the union of all such equivalences and is the largest R-preserving
probabilistic bisimulation. With this definition we may proceed as in the
continuous-time setting and define an aggregated probabilistic chain that
describes a homogeneous DTMC.

Definition 3.5.5. For a given probabilistic chain (S,——, P) and a prob-
abilistic bisimulation € on S, define an aggregated chain (S/E,—>¢,[P]s)
where the probabilistic transition relation —>¢ is given by
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[Ple 2> @1 iff 7% (PL[Qe) =p.

Theorem 3.5.2. Let P be a probabilistic chain, describing the DTMC X
and let € be a (R-preserving) probabilistic bisimulation on the state space of
P.

The aggregated chain Pe describes a homogeneous DTMC X such that for all
equivalence classes C of &,

Prob{X, = C} = Prob{X, € C}.

The proof follows the continuous-time case (Theorem 3.5.1). The necessary
lifting of the reward function from S to S/ is easy: for each class C' define
R(C) := R(P) (for some P € C).

Thus we have established a valuable link between lumping and bisimula-
tion. We have introduced this parametric refinement of ~_ mainly in order
to avoid the somehow awkward phenomenon that probabilistic bisimilarity
lumps all the states (which is indeed optimal if no reward function is pro-
vided). This effect was not observed in the context of Markovian chains.* But
even in this context it may occur that, in the presence of a reward function,
states with different rewards are equated by Markovian bisimilarity. In this
situation, a refinement of ~, that preserves rewards can be defined along
the lines of Definition 3.5.4, see also [24]. Since reward functions will not be
of particular importance in the remainder of this book we do not work out
the details.

3.5.3 Weak Bisimulations

Hitherto we have studied only strong bisimilarity on Markovian and proba-
bilistic chains. It seems to be equally worthwhile to investigate weak bisimi-
larity. For this purpose, several questions have to be addressed. We start with
a discussion in the setting of Markovian chains.

Markovian Chains. First, what is the counterpart of a weak transition in
terms of Markovian transitions? In the non-stochastic setting we have used
a weak transition relation to successfully define weak bisimilarity. It was
based on the distinction between internal actions (labelled 7) and external,
observable actions. Such a distinction is not obvious for Markovian chains,
because there is no notion of interaction with the external environment.

We may therefore refuse to think about weak relations on Markovian
chains at all. Alternatively we may decide that either none, or all of the
Markovian transitions are internal. In the former case, a weak Markovian
bisimulation will not differ from its strong counterpart, because there is no

4 The same phenomenon however arises if Definition 3.5.1 is slightly coarsened,
such that loops are treated as being irrelevant (which they are indeed). This can
be achieved by including a side condition saying that the cumulative rates of P
and @ into class C only have to be compared if P ¢ C.
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internal transition that could be abstracted away. So, how about assuming
that all Markovian transitions are internal? The corresponding weak transi-
tion relation would then combine sequences of Markovian transitions into a
single "weak’ transition, in the same way as = combines sequences of ——

14

transitions. For instance, a sequence P —3> P' —f> P” could be combined
to a weak transition from P to P” with a parameter v. This parameter sub-
sumes the exponentially distributed sojourn times in P and P’, and it may,
in general, be defined as a function ¢(\, ).

Unfortunately, the sequence of two (or more) exponentially distributed
delays is no longer exponentially distributed. So, any particular choice of
a function ¢ will introduce (a possibly severe) error in the model. In other
words, replacing a sequence of Markovian transitions by a single weak Marko-
vian transitions will lead to a CTMC where it is impossible to reconstruct
the stochastic behaviour of the original chain. A result similar to Theorem
3.5.1 is thus not possible for any kind of weak Markovian bisimulation.

Probabilistic Chains. Turning our attention to the discrete-time case, we may
again decide that either all probabilistic transitions are external or they are
internal. The former case directly leads to the strong notion of bisimulation
introduced earlier. In the latter case, we aim to combine sequences of proba-
bilistic transition in a weak transition. So, we have to address the question,
what the probability of a sequence of probabilistic transitions might be. Dif-
ferent to the setting of Markovian chains, there is a rather straightforward
answer to this question: The probability of a sequence of probabilistic tran-
sitions is obviously the product of the individual one step transition proba-
bilities.

We will follow this spirit by introducing a function -, that naturally
extends the predicate 7 to the probabilistic case. This predicate has been
introduced in Section 2.3 (page 26) to describe the possibility to move into a
set of states by means of a weak transition. Before introducing the functiony,
we point out the following property of 7 (P, 7, C). This predicate is true iff

cither P € C' (the reflexive closure) or if there is some P’ such that P ——, P’
and 7, (P’,7,C) (the transitive closure). In other words:

true if PeC,
Vo (P, 7,C) = \/ (Vo (P, 7, {P'}) A 7, (P',7,C)) else.
Pres

This specific predicate indicates the possibility to move from state P into a
set C' by means of a (possibly empty) sequence of internal transitions. The
function «, (P,C) we are aiming to define will indicate the probability to
move from state P into set C' by means of a (possibly empty) sequence of
probabilistic transitions. With respect to an empty sequence (corresponding
to the reflexive closure) this probability is obviously 1 if and only if P is
already contained in C. If P ¢ C' we cumulate the probabilities of all the
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different possibilities to leave P and to end in the set C. This can be elegantly
defined as follows, with a clear correspondence to the predicate -y,

1 if PeC,
7, (P, C) = Z (7o (PAP'}) 7, (P',C)) else.
Pes

With this function, weak probabilistic bisimulation is straightforward to de-
fine. Since we want to avoid the effect of equating all states (which will surely
happen, since a weak relation has the potential of equating even more states
than its strong counterpart) we parametrise the relation with a given reward
function R.

Definition 3.5.6. An equivalence relation £ is a R-preserving weak proba-
bilistic bisimulation iff PEQ implies R(P) = R(Q) and that for all equivalence
classes C of &,

7. (P,C) =7,(Q.C).

Two states P and Q are R-preserving weak probabilistic bisimilar, written
P="Q,if (P,Q) is contained in some R-preserving weak probabilistic bisim-
ulation &.

Again, it can be shown that %?? is an equivalence relation, a weak proba-
bilistic bisimulation that preserves R and therefore the largest such relation.

Despite these properties, it has to be addressed whether any such weak
bisimulation has a plausible stochastic interpretation. For (strong) probabilis-
tic bisimulations the correspondence to lumping (Theorem 3.5.2) provided an
intuitive and valuable interpretation.

However, the weak probabilistic bisimulations do not provide a compara-
bly valuable result. For ergodic chains we obtain that P ~% Q if R(P) = R(Q)
as well as m, = 7, which is not truly helpful. For absorbing chains, the
equivalence classes of Rﬁf do not represent obviously valuable information.
The reason is that 4, (P, C) does not allow comparing the number of (time)
steps needed to move from state P into class C. In the discrete-time con-
text however, this information is important but gets lost when building weak
bisimulation classes. Thus a result similar to Theorem 3.5.2 is out of reach.

As a whole, strong bisimulations are very useful to aggregate discrete-
or continuous-time Markov chains, while weak bisimulations are not in this
context.

3.6 Algorithmic Computation of Equivalences
In this section we describe algorithms to compute Markovian bisimilarity,

and later probabilistic bisimilarity. We build upon our experience gained
in Section 2.3 and use a partition refinement approach. For this purpose
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Table 3.1. Algorithm for computing Markovian bisimilarity classes

Input: Markovian transition system (.S,—0>)
Output: S/ ~,
Method:  Part := {S};
Spl == {S};
While Spl not empty do
Choose C in Spl;
Old := Part;
Part := M_Refine(Part,C);
New := Part — Old;
Spl := (Spl — {C}) U New;
od
Return Part.

we reformulate Markovian bisimilarity as a fixed-point of successively finer
relations.

Lemma 3.6.1. Let P be an Markovian chain with finite (reachable) state
space S.
Markovian bisimilarity is the unique fized-point of

— ~0 = S % S,
- k1 = {(P,Q) €~k I (VC € S/Vk) ’VM(Pa C) = 'VM(QvC)}'

The proof of this lemma is not very difficult. The refinement step from —, to
—k+1 rules out those pairs (P, Q") from —y, for which ~, produces different
values. So, P' and @’ are split into different classes (of ~—j1), if the respective
rates to move into class C' (of —y) differ. The class C is thus a splitter, a
specific reason why (P’, Q') have to be split.

The above lemma will be the basis of the algorithm for computing Marko-
vian bisimilarity. Technically the procedure of refining a partitioning Part by
means of a splitter C' is performed by a function M_Refine, defined as fol-
lows,?

M_Refine(Part,C) =

(UXGM (Uer- {tPex o) - v}})> - o).

Each class X of Part is refined into finer classes, according to the different
rates v of moving into class C. This function is an adaption of function

5 Again we are a bit sloppy, because we use R" as an index set, which, strictly
speaking, leads to an uncountable union. However, only a finite union is needed,
since the number of possibly different ,, values is bounded by the number of
states.
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Refine, defined in Section 2.3. To point out the differences, we recapitulate
its definition,

Refine(Part,a,C) :=

(UXePart (Uve{true,false} {{P €eX | Yo (P,LLC) = v}}>> - {(Z)}

The notational adoptions are obvious. Remark that M_Refine possibly splits
a class X with, say, m elements into m classes, specifically if all values of
the real valued function +,, are different. In contrast, function Refine splits
each class X into at most two new parts, dependent on the truth values of
predicate 7, .

Function M_Refine is the heart of an algorithm to compute Marko-
vian bisimilarity. This algorithm is depicted in Table 3.1. Though function
M_Refine potentially splits more efficient than its non-stochastic counter-
part, the worst case complexities of the two algorithms are the same.

Theorem 3.6.1. The algorithm of Table 3.1 computes Markovian bisimilar-
ity on S. It can be implemented with a time complexity of O(m,, logn) where
m,, is the number of Markovian transitions and n is the number of states.
The space complezity of this implementation is O(m,, ).

Proof. See Appendix A.1.

In the setting of probabilistic chains, the task of computing probabilistic
bisimilarity (Definition 3.5.3) does not require any specific algorithm. We
have already pointed out that S is the only equivalence class of ~,, hence
refinement is not required. The issue of interest in this setting is R-preserving
probabilistic bisimilarity.

Again, we are able to characterise such a relation as a fixed point of
successively finer relations. But this time we have to ensure that only states
with the same reward are related. This requirement is incorporated into the
initial relation of the refinement, —q. Instead of S x S we start with an
equivalence relation that equates precisely the states with the same reward.
This equivalence —q is the coarsest reward preserving equivalence. Further
refinement steps can then proceed as in the above cases.

Lemma 3.6.2. Let P be an probabilistic chain with finite (reachable) state
space S and let R : S — R be a reward function.
R-preserving probabilistic bisimilarity is the unique fized-point of

——o={(P, Q) € Sx S| R(P) =RQ")}
- k1T {(P’Q) € —k I (VC € S/Vk) ’YP(P’ C) = 7P(Q7C)}
This lemma can be turned into an algorithm, depicted in Table 3.2. The

initialisation phase differs from the ones we have described before, in order to
ensure preservation of rewards. All states with the same reward are grouped
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Table 3.2. Algorithm for computing reward preserving probabilistic bisimilarity
classes

Input: Probabilistic transition system (S,—)
Reward function % : § — R
Output: S/ Nf
Method:  Part := UUER+ {{P' ES|RP) = v}} —{0};
Spl .= Part;
‘While Spl not empty do
Choose C in Spl;
Old := Part;
Part := RRefine(Part,C);
New := Part — Old;
Spl := (Spl — {C}) U New;
od
Return Part.

into the same initial partition. The body of this algorithm iteratively calls a
function P Refine, defined as follows (and as expected),

PRefine(Part,C) :=

(uxepm (Vg {{Pex 1000 = v}})) (0}

The computational effort to determine the initial partition is linear in the
number of states. Since this is negligible compared to the complexity of par-
tition refinement, the time and space complexity of the whole algorithm is
the same as the one for Markovian bisimilarity.

3.7 Discussion

In this section we have introduced probabilistic and Markovian chains as oper-
ational models of discrete-time, respectively continuous-time Markov chains.
We have discussed details of their analysis to set the ground for the require-
ments of later chapters.

The equivalence relations introduced in Section 3.5 are defined in a coin-
ductive way based on the notion of bisimulation. Like any equivalence they
partition the state space into equivalence classes of states. In this way, each
equivalence induces an aggregated stochastic process with a discrete state
space, where each state corresponds to an equivalence class.

The important result is that this aggregated process is again a Markov
chain of the same type (discrete-time or continuous-time) if a bisimulation
is used (Theorem 3.5.1 and 3.5.2). The Markov chain has been lumped by
applying the respective bisimulation.
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Probabilistic bisimulation on DTMC has first been introduced in [133],
and has been transferred to CTMC under the name Markovian bisimulation
in [94]. Hillston [114] has pointed out the relation between bisimulation and
lumping (in the continuous-time case) but developed no algorithm. Buch-
holz [43] has proposed a partition refinement algorithm for this purpose.
His algorithm has a time complexity of O(nm,,) (where n is the number of
states and m,, the number of transitions) while the ones presented in Sec-
tion 3.6 perform better; we have shown that they are of order O(m,, logn).
This complexity has also been mentioned without proof by Bernardo and
Gorrieri [25], as well as Huynh and Tian who considered the discrete-time
case [120]. The O(m,, logn) complexity proof is joint work with Salem De-
risavi and William H. Sanders [59], while the proof sketch in [96] is flawed.
Since either of our algorithms computes the largest (probabilistic, respec-
tively Markovian) bisimulation, they induce an aggregation which is optimal
among the possible lumpings of a chain.

The original definition of lumping [128] does not give rise to an algorithmic
procedure. Therefore, the use of lumping had to rely on heuristics, e.g. by
detecting symmetries in the model, e.g. [46, 175]. Markovian and probabilistic
bisimilarity improve this. However, in order to obtain a useful lumping, we
have refined probabilistic bisimulation such that it preserves a given reward
function. We will see later that lumping can aggregate the state space of
a Markov chain by several orders of magnitudes, in particular as part of a
compositional methodology.

Composition operators have not been an issue of this chapter. This is
particularly reflected by the fact that our attempt to define a weak bisim-
ulation on Markov chains was rather unsuccessful. In Chapter 2 the notion
of weak bisimulation relied on the distinction between external and internal
actions. While the former can be used in the context of synchronisation of
components the latter can not. Since we have made no such distinction in
the Markov chain models of this chapter, it is not surprising that the notion
of weak bisimulation is not reasonable here.

For the sake of completeness we mention that by introducing a distinc-
tion between external and internal probabilistic transitions, the notion of
weak probabilistic bisimilarity in the sense of Definition 3.5.6 turns out to
quite valuable, it naturally extends non-stochastic weak (and also branch-
ing) bisimilarity. Together with an algorithm of cubic time complexity to
compute this relation, this result is joint work with Christel Baier [16]. In
contrast, a weak Markovian bisimulation suffers from the fact that sequences
of exponential distributions are not exponentially distributed. Thus even a
distinction between external and internal Markovian transitions will not lead
to a reasonable definition.
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This chapter introduces the central formalism of this book, Interactive
Markov Chains' (IMC). It arises as an integration of interactive processes
and continuous-time Markov chains. There are different ways to combine both
formalisms, and some of them have appeared in the literature. We therefore
begin with a detailed discussion of the different integration possibilities and
argue why we take which decision. As a result IMC combine the different
ingredients as orthogonal to each other as possible. We proceed by defining
composition operators for IMC. We then focus our attention on the discussion
of strong and weak bisimilarity, incorporating the notion of mazimal progress
into the definitions. In order to efficiently compute these relations we develop
algorithms that are more involved than the ones presented in earlier chapters.
Anyhow, we prove that their computational complexity is not increased. A
small example of using IMC to compositionally specify and aggregate the
leaky bucket principle concludes this chapter.

4.1 Design Decisions

The operational representation of interactive processes and Markov Chains
in terms of transition systems suggests that they are rather easy to combine.
However, there is a crucial difference between both models, the presence,
respectively absence of nondeterminism.

The notion of nondeterminism is essential for interactive processes as it
is essential for process algebra in general. Nondeterminism is useful to model
different important concepts that otherwise could not be expressed. They can
be summarised as follows [171]:

Implementation freedom: An interactive process can be viewed as an abstract
specification, and nondeterminism represents implementation freedom.
That is, if for some state there are two transitions that can be chosen
nondeterministically, then an implementation may have just one of the
two transitions.

! From a historical perspective, it seems worth to mention that the term ” Interac-
tive Markov Chains” has first been coined by Conlisk to baptise a Markov chain
variant that is at most mildly related to the model considered here [51].

H. Hermanns: Interactive Markov Chains, LNCS 2428, pp. 57-88, 2002.
(© Springer-Verlag Berlin Heidelberg 2002
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Scheduling freedom: This is the classical use of nondeterminism in an inter-
leaving semantics. Several processes run in parallel and there is a freedom
in the choice of which process performs the next transition.

External environment: External actions represent interaction possibilities
with some external process, or more generally an external environment,
by means of synchronisation. The interaction capabilities of this environ-
ment then influence how the choice is determined.

In contrast, a stochastic process is not exhibiting nondeterministic behaviour,
since each possible behaviour at any point in time has a specific probability.
Therefore, if we want to combine Markov chains with interactive processes,
we have to address the question how to deal with nondeterminism in this
setting.

The issue of this chapter is to integrate CTMC and interactive processes.
Since integration of DTMC and interactive processes has a richer tradition,
dating back to [183, 158] and others, it appears to be helpful to analyse the
solutions that have appeared in this setting.

4.1.1 Discrete-Time Interactive Markov Chains

In the literature that combines DTMC and interactive processes we may find
two fundamentally distinct treatments of nondeterminism, the fully proba-
bilistic and the alternating model. Other models, like ‘reactive’ and ’strati-
fied” models [76] or ’simple’ and ’general’ model [173, 171] are variants (or
combinations) of the above two approaches.?

Fully probabilistic approaches replace nondeterminism by (discrete) prob-
ability distributions. Whenever there are multiple interactive transitions out
of a single state each of them has a certain probability to occur.

The alternating model differs substantially from the fully probabilistic
model in that there is a clear distinction between nondeterminism and prob-
ability. It allows for both nondeterministic as well as probabilistic decisions.
There are two disjoint kinds of states in this model, probabilistic states, whose
transitions define a probability distribution among successor states, and non-
deterministic states, whose outgoing transitions are labelled with actions.

Fully Probabilistic Model. This model is also called the generative model [76].
Whenever there is a decision between different interactive transitions, this de-
cision is taken probabilistically. Nondeterminism is completely ruled out by
means of a probability distribution that assigns a specific probability to each
possible action. Technically this is achieved by melting interactive transi-
tions —> and probabilistic transitions > into a single transition relation
&3> where p is the probability of interacting on action a.

2 Although the simple model of Segala can be encoded into the alternating model

(and hence we do not treat it separately here), it is a very elegant model and
has appealing properties, see e.g. [172, 21].
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Figure 4.1. Two fully probabilistic transition systems

Example 4.1.1. Figure 4.1 shows two examples of the fully probabilistic
model. The left one, Fs3y, chooses to perform a with a probability of 0.6 and
b with 0.4 probability. Ess is similar, but has the choice between a and c.

This model has been extensively studied in the literature [69, 76, 133, 47,
50, 188, 88, 16]. In particular, since nondeterminism is absent, it is easily
transferred into a DTMC by ignoring action labels of transitions. We shall not
discuss the details of this model. We rather discuss an important implication
that arises from this solution to avoid nondeterminism:

The exclusion of nondeterminism is not compatible with the concept of
parallel composition we have introduced in Chapter 2. The reason is schedul-
ing freedom: Parallel composition is realized by interleaving the different pos-
sibilities of each component. Nondeterminism is used to describe the freedom
in the choice which component performs the next transition. Of course, the
fully probabilistic model is not closed under such a kind of parallel composi-
tion since this would reintroduce nondeterminism. The solution that has been
proposed by [69, 76] is introducing synchrony. This refers to a drastically dif-
ferent view on the evolution of processes. While we have assumed that actions
that do not have to synchronise may occur independently and concurrently,
synchrony means that all components have to interact (or explicitly signal
that they intend to idle) each time, they proceed in lockstep [141]. In this way
one avoids to make a scheduling decision since all components must perform
a step.

Ezample 4.1.2. Synchronous parallel composition (denoted x) of Esq and Esg
is depicted on the left in Figure 4.2. There are four different possibilities to
proceed synchronously, and the respective probabilities are obtained by mul-
tiplying the individual probabilities. The action labels of the resulting tran-
sitions are also collected from the individual labels. A commutative function
N : Act x Act — Act has to be provided for this purpose. Remark that it is
not possible to express that F34 and Ess only synchronise on a few specific
actions, such as just action a.

Some attempts have been made to avoid the synchrony assumption and
to find an intuitive way of interleaving transitions by means of an asyn-
chronous parallel composition operator [12, 152, 178, 84]. These operators
are parametrised with probabilities that are used to determine a probability
for each possible transition.
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Figure 4.2. Different parallel compositions of fully probabilistic transition systems

Ezample 4.1.3. The approach of Baeten et al., for instance, decorates paral-
lel composition with two parameters o and © [12]. Roughly speaking, 1 — o
is the probability that a synchronisation takes place. The other parameter
O is, again very roughly, the probability that the left component will per-
form a mon-synchronising transition under the condition that no synchro-
nisation takes place. It is a gemeral form of parallel composition, where
indeed synchronisation is assumed to be always possible, but it can be in-
stantiated to the synchronisation style introduced in Chapter 2. This, how-
ever requires some normalisation, see [12] for the details. We may de-
note this operator as Qia. Without going into the details, we depict in
Figure 4.2 the fully probabilistic model obtained for Fsy GEGE% where
v=04-0-0+06-06-(1—0)+04-0-(1—-0) is a normalising denom-
inator.

This example allows one to catch a glimpse of the complications faced when
aiming to define asynchronous parallel composition inside the fully proba-
bilistic model. We consider all the existing approaches as unsatisfactory since
neither of them possesses an intuitive interpretation. A detailed discussion of
these operators and their problems appears in [55].

Another way to overcome the problems of parallel composition in this
setting is to drop the assumption that concurrent interactive transitions may
interleave. Resorting to, for instance, a causality based semantics, such as
the one of Katoen et al. avoids the interpretation of parallelism by means of
nondeterminism [127, 126]. However, such a semantics is far from resembling
a DTMC. In order to derive a DTMC like model it is still necessary to decide
whether to interleave the behaviour of components or to let them proceed
synchronously.

Alternating Model. The alternating model has a distinct view on nondeter-
minism and probability, represented by two separate sets of states (nondeter-
ministic and probabilistic states) and two separate transition relations, inter-
active and probabilistic transitions [183, 158, 87, 124]. Interactive transitions
are only possible from nondeterministic states while probabilistic ones only
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Figure 4.3. Two alternating transition systems and their parallel composition

emanate from probabilistic states. Probabilistic transitions define a probabil-
ity distribution on successor states that cannot be influenced by the environ-
ment.

Ezxample 4.1.4. Figure 4.3 shows two examples of the alternating model, sim-
ilar to the fully probabilistic ones from above. The left one, Esg, has a (prob-
abilistic) choice between two nondeterministic states. One of them performs
a, the other one performs b. FEs7 has a similar choice between a and c. We
use () (()) to indicate nondeterministic (probabilistic) states.

This separation makes it possible to define asynchronous parallel compo-
sition because nondeterminism can be used to express scheduling freedom
by interleaving of interactive transitions. Probabilistic transitions of differ-
ent components are not interleaved. On a component level they describe a
probability distribution on successor states. Since probabilistic decisions are
assumed to be stochastically independent from each other (they are local to
the component) the result of probabilistic decisions of two parallel compo-
nents can be obtained by multiplying the respective individual probabilities.
This can be represented by a synchronous probabilistic move in the parallel
composition subsuming the probabilistic decisions of each component.

Ezample 4.1.5. On the right of Figure 4.3 we have depicted parallel compo-
sition of Fs¢ and Es7 when synchronising on a. First both components may
decide probabilistically where to move. In particular, with a probability of
0.4 - 0.4 both E3s and Es7 decide to follow their respective lower branch. In
this case, a state is reached where two actions, b and c, may occur indepen-
dently and concurrently. They are interleaved nondeterministically.
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So, probabilistic transitions are performed synchronously while interactive
transitions may take place independently and concurrently. The alternating
model does fit quite well into the framework we have described in Chap-
ter 2. Based on this model, Hansson has developed a probabilistic and timed
calculus that has shown to be applicable to many real world examples [87].
However, the presence of nondeterminism hampers to give an interpretation
in terms of a DTMC to an alternating model. The solution proposed by Vardi,
Hansson and others [183, 87, 171, 5, 19] is the use of a scheduler that resolves
nondeterminism. We delay the discussion of schedulers until Section 6.3.

4.1.2 Continuous-Time Interactive Markov Chains

The combination of interactive processes and CTMC has been brought up
by Gotz et al. in [79]. This work has opened the floodgates for a vari-
ety of approaches that are nowadays subsumed as Stochastic Process Al-
gebras [42, 107, 114, 25]. In the terminology of this chapter they could be
better characterised as fully Markovian approaches to the amalgamation of
CTMC and interactive processes. Indeed, their common feature is that non-
determinism is replaced by probability distributions.

In this setting, probability distributions are continuous rather than dis-
crete and they are drawn from the class of exponential distributions. This di-

. . . A .
rectly bridges to CTMC where Markovian transitions —i— describe exponen-
tially distributed delays before moving to successor states. In the fully Marko-
vian model, interactive transitions and Markovian transitions are melted in a

single transition relation —|]>\—?—> The parameter A\ represents an exponen-
tial distribution that describes the time needed before being able to move to
the successor state by possible interaction on a. There is an obvious corre-
spondence to the fully probabilistic model of the discrete-time case: Nondeter-
minism is absent in this model because, implicitly, each transition possesses
a probability to be chosen. To be specific, if several transitions emanate a

Ai i s . .
single state P, say P —3—3> P, then the probability to choose interaction
on aj is given by the fraction A;/ > A; (cf. property (D) on page 42).

Parallel Composition with Interleaving. Due to the analogy with the fully
probabilistic model the probing question is whether the definition of parallel
composition in the fully Markovian model suffers from similar problems. In-
deed, severe problems arise, but not because of the issue of interleaving and
nondeterminism. On the contrary, interleaving fits very well into the setting
of continuous-time Markov chains.

Example 4.1.6. Assume that we are aiming to compose the two fully Marko-
vian chains Eyy and Eq1 of Figure 4.4 without any synchronisation. Using the
general form of interleaving, the fully Markovian model depicted below would
occur, where the rates ¢;(\, u) should, if at all possible, describe exponentially
distributed probability distributions.
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Figure 4.4. Asynchronous composition in the fully Markovian approach

In this example we have incorporated the hypothesis that it is indeed possi-
ble to represent non-synchronicity by interleaving. To verify this, we discuss
constraints on the functions ¢; that are imposed due to a stochastic inter-
pretation. First, the time until either of F, or Fj; decides to interact is
given by the minimum of both distributions that amounts to a rate of A+ p

(cf. property (C) on page 41). From the interleaved chain we de-
rive ¢1(A, 1) + d2(A, i) as the rate until the first interaction takes place. As
a consequence, the first constraint on ¢; and ¢s is

Pr1(A p) + G2 (A, 1) = A+ . (4.1)
In addition, the probability that FE,o decides earlier than FE4; is given by

A/ (A + p) since the distributions are stochastically independent from each
other (property (D) on page 42). From the interleaved chain we infer

d)l ()‘7 ﬂ) _ A
¢1(/\7/J')+¢2(/\7/1') /\+/-L.
It is now straightforward to deduce that ¢1 (A, u) = A, and symmetrically
d2(A, 1) = p.

Furthermore, the function ¢3 describes an exponentially distributed delay
that should represent the distribution of the remaining delay of Ey; after the
move of F4. As a consequence of the memoryless property (cf. property (B)
on page 41) this is indeed again an exponential distribution, and its rate is
¢3(A\, 1) = p. Symmetrically, the only reasonable choice for ¢4 is ¢4 (A, 1) = A.

To put it in a nutshell, non-synchronising transitions can be simply inter-
leaved without adjusting any rate. Nondeterminism does not arise, since each
transition has a probability to be chosen, and because the probability that
both transitions are chosen at the same time is zero, due to the continuous
nature of exponential distributions (property (E) on page 42).

(4.2)

Synchronisation of Distributions. Thus interleaving appears to be appropri-
ate for non-synchronising transitions. Problems, however, arise in the context
of synchronisation.
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Figure 4.5. Composition with synchronisation in the fully Markovian approach

Ezample 4.1.7. Consider the composition of the two fully Markovian chains
FE45 and Eyus by synchronising on c depicted in Figure 4.5. Synchronisation
is represented by a rate ¢ that should somehow depend on the rates v1 and
vo. The other transitions are interleaved without synchronisation, using the
rates determined before.

Again, we have to address the question whether there is any reason-

able choice for function ¢. As before we can calculate that the synchro-
d(viv2) ¢

nised chain E;5 © FE4¢ performs transition ——{+————> with probability
d(v1,v2)/ (A + ¢(v1,v2) + p). This is the probability that a synchronisation
on action ¢ occurs. From the individual components on the left we can calcu-
late a constraint on this probability as follows. In order to be able to change
state by synchronised interaction on ¢, both F45 and E46 have to decide in
favour of their respective c-transition. In isolation, the probability to do so is
vi/(A+ 1) for Eys and va/(p + v2) for Eye. However, due to the continuous
nature of the involved distributions, these decisions will not be taken at the
same time (property (E) on page 42).

The probability that F45 decides between a and b earlier than F4s decides
(between a and c) is given by (A + v1)/(A 4+ v1 + p + v2), since both are
concurrently heading for a decision (property (D) on page 42). Thus, the
probability that an interaction on ¢ occurs because first E45 and then Fyq
has decided accordingly amounts to

2 A+ va_ (4.3)
Atvy Advit+ptrve gt
By symmetry we derive
1) W+ ve V1 (4.4)

pAve Atvi+putrve A

as the probability that Ey4s is followed by Ey5. So, the sum of (4.3) and (4.4)
yields the probability that a synchronisation on action ¢ occurs. As a result,
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we get the following constraint on function ¢:
4! Vo Vo 4!

+ 4.5
Advi4+pu+rvy p+ue Advi+p+rvy A+ (4.5)
d)(yla V?)
A+ d(vi,ve) +
After straightforward transformations we obtain that ¢ has to satisfy
A+v 4+ o)A+
(01, v2) = A+ v)(p+r2)(A+p) (4.6)

A+v)(p+v2) —vive’

Thus, by means of this constraint, function ¢ is completely determined. Any-
how, an unfortunate observation is that the right hand side of this expression
is not a function in the two parameters v; and vy of ¢. It substantially de-
pends on the values of A and p. A closer look into the train of thoughts that
led to this dependency reveals the reason.

As in Section 3.3 we may associate with each transition a clock with
an exponentially distributed expiration time. Then, the left hand side of
equation (4.5) is essentially the probability that neither of the clocks associ-

A L
ated with Ey5 ——> and FEyg —ﬁ—lo)—> expires before the clocks of both

Eys %> and FEy6 ¥ %> have expired. In other words, it is the prob-
ability that the minimum of two distributions (of A\ and u) is larger than
the mazimum of two other distributions (of v1 and v5). Under the assump-
tion that ¢(141,1v2) represents the maximum of the two exponential distribu-
tions, the right hand side of equation (4.5) should indeed describe exactly
the required probability. But, there is a striking reason why problems occur
anyhow: The class of exponential distributions is not closed under mazimum,
i.e., it is impossible to represent the maximum (as opposed to the minimum)
of exponential distributions by an exponential distribution. So, the above as-
sumption is invalidated because there is no function ¢(v1,r2) that reflects
the maximum of the distributions given by 17 and vs.

One may argue that using the maximum of distributions in the syn-
chronisation case appears somewhat arbitrary. It is based on the idea
that a synchronised state change is only possible if both associated dis-
tributions have expired. We insist on this interpretation like many others
do [166, 10, 89, 38, 126, 160, 56] as a natural assumption. It is the only plau-

sible choice if we accept that —u/\—?—> has the meaning of describing that
some time (given by \) expires before interaction on a is possible. However,
since the class of exponential distributions is not closed under maximum,
none of the fully Markovian approaches employs maximum in case of syn-
chronisation [79, 114, 107, 42, 25, 186]. So, how do these approaches solve
the problem of synchronisation?

Passive Transitions. A solution common to all fully Markovian approaches
is a second type of transitions where the rate is left unspecified. We use
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?
—— to represent such a transition and call it passive as opposed to

active transitions. Passive transitions are assumed to simply wait for an active
interaction partner. Synchronisation between both types of transitions is then
easily defined by adopting the convention that the active partner determines
the rate of the synchronised transition.

Bernardo et al. [25, 26, 33], as well as Wu et al. [186] require that each
synchronisation involves at most one active transitions. While the former
does not provide a recipe to achieve this, the latter approach assures this
constraint by construction. Based on the model of Lynch and Tuttle [136] it
distinguishes between input and output transitions and does not allow syn-
chronisation among output transitions. Output transitions are active while
input transitions are passive.?

For other fully Markovian approaches different extensions to the basic
mechanism of active/passive synchronisation have been proposed. In Hill-
ston’s approach [114], also adopted by Priami [159], the unspecified rate '?’
can be regarded as an arbitrarily large rate. Synchronisation is essentially
realized (if abstracting from technical overhead) by a function ¢(v1,12) =
min(v, 7). Note that this function does not calculate the minimum of dis-
tributions (which would give rise to v; + vo) but the minimum of rates. If
active and passive transitions are synchronised, function ¢ works as expected,
since ’?” is assumed to be arbitrarily large. Synchronisation of active transi-
tions is also allowed. In this case the slower partner completely determines the
rate of the synchronised transition. The term ’slower’ refers to the fact that
if 11 > vy, then, in the average, the clock of v expires before the clock of vs.
However, there is always a nonzero probability that the other clock expires
first, and this probability is not compensated in the approach. Hillston’s jus-
tification to choose min(v1,12) is an argument on the mean durations, given
by 1/11 and 1/vs. By selecting the smaller rate, the maximum of mean dura-
tions is selected. The resulting distribution can in general be much different
from the maximum of the distributions.

The MTIPP approach [107, 78] is also based on the notion of ac-
tive and passive transitions. Synchronisation is realized by multiplication:
d(v1,v2) = 1112, and passivity is expressed using rate 1, the neutral element
of multiplication, as the unspecified rate ’?’. G6tz has discussed the benefits
of this particular choice of ¢ in detail [77]. Apart from technical simplicity, it
enables to scale rates (and implicitly mean durations) by weighting them with
a scalar. Depending on the context, a scalar can be a particular probability
or a factor indicating the relative ’speed’ of this component, see also [100]. In
this way, the concept of passivity is generalised in order to enhance modelling
convenience. However, the distinction between rate and scalar is not made

3 To be precise, the model of Wu et al. is not based on a transition system seman-
tics. It uses so-called probabilistic behaviour maps as fully abstract models with
respect to a notion of probabilistic testing. Negligently simplified, these maps
are obtained from an embedded discrete-time Markov chain.
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explicit. So, it is difficult to give an interpretation to specifications where, for
instance, the parameter 1 might denote passivity, or denote a specific expo-
nential distributed delay (with a mean duration of 1 time unit). And again,
the product of rates can in general be much different from the maximum of
the distributions.

Buchholz has taken the idea of scaling to the limit [42]. Both parameters
occuring in a synchronisation play the roles of scalars. The actual rate is ob-
tained by multiplication of both scalars with a third value that depends on the
action label of synchronisation. This detour avoids different interpretations
of parameters occuring in one specification.

Nondeterminism among Passive Transitions. From a stochastic point of
view, neither of the existing approaches is completely satisfactory. In addition,
the inclusion of passive transitions can easily lead to chains where multiple
passive transitions emanate a single state. Since the probability of passive
transitions is not known, it is not clear which passive transition will hap-
pen. So, nondeterminism appears to reenter through the back door. In order
to avoid this, all existing approaches take a similar solution, though techni-
cally realized in different ways. Nondeterminism is treated as equi-probability.
Whenever multiple passive transitions may independently synchronise with
an active transition, all synchronisations are possible, and the resulting rates
are identical.

From a conceptual point of view, this solution appears questionable. In
particular, it excludes to use multiple passive transitions to represent imple-
mentation freedom in a specification. In our context, implementation freedom
specifically implies that the actual passive transitions chosen by an implemen-
tation should not at all be based on an equi-probable choice.

Resumee. This discussion provides us with a good insight about the complica-
tions that occur when combining interactive processes and Markovian chains
by means of a single transition relation {+——. To sum up, fully Markovian
process algebras suffer from the following problems:

— Synchronisation (of active transitions) is not adequately representable in
the approach, because exponential distributions are not closed under max-
imum.

— Nondeterminism (among passive transitions) is treated as equi-probability.

Similar to the discrete-time case, a separation of concerns with respect to
timing and interaction seems preferable and is good practice in many real-
timed process algebras, for instance [146, 151]. The fact that a separation is
favourable has already been highlighted by Hoare:

The actual occurrence of each event in the life of an object should
be regarded as an instantaneous or an atomic action without dura-
tion. [116, p.24]
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Figure 4.6. Three Interactive Markov Chains

Since in fully Markovian process algebras, all actions are inseparably linked
to time consumption, it is impossible to follow this advice. The central for-
malism of this book will therefore be based on a different view. Similar to
the alternating model in the discrete-time case we will use two separate re-
lations, —> representing the impact of stochastic time and —> to represent
the interaction potential of a chain. It will become clear that this solution

— avoids to reason about explicit synchronisation of distributions, because
only interactive transitions may synchronise,

— implicitly realizes synchronisation as the maximum of distributions, be-
cause a synchronisation may only take place if all preceding delays have
expired, and

— has a clear distinction between nondeterminism and probability.

4.2 Interactive Markov Chains

Interactive Markov Chains combine interactive processes and Markovian
chains. On balance the result of our investigations in Section 4.1 has been
that a separation of concerns is favourable in order to achieve a concise frame-
work. So, IMC are defined by means of a twofold transition relation —> and
—> .

Definition 4.2.1. An IMC transition system (IMCTS) is a quadruple
(S, Act,—>,—0—>), where

— S is a nonempty set of states,

— Act is a set of actions,

— —> C S X Act x S is a set of interactive transitions, and
— > CSxRY xS isaset of Markovian transitions.

An Interactive Markov Chain is a quintuple (S, Act,—>,—1>, P), where
(S, Act,—>,—1—) is an IMC transition system and P € S is the initial state.
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Table 4.1. Structural operational rules for Markovian transitions

A A
P—g> P Q—>qQ
PE=Q-1>P 5o Q PE= Q- PE=Q
A
P—g> P
A
- BN

Ezample 4.2.1. Figure 4.6 shows some examples of IMC. The first, Ess5, re-
peatedly interacts on a signal sig and takes some exponentially distributed rest
after each interaction. Esg exhibits a similar behaviour. It first delays for an
exponentially distributed time (given by rate p). Afterwards it is able to in-
teract on signal sig and return to its initial state. But if this signal does not
occur within a certain time interval, Fsg decides to terminate. That time in-
terval is again exponentially distributed with rate v. The third example, Es7,
contains an internal transition together with some exponentially distributed
delays.

Theorem 4.2.1. Each interactive process is (isomorphic to) an Interac-
tive Markov Chain. Each Markovian chain is (isomorphic to) an Interactive
Markov Chain.

Proof. Immediate from the definitions (Definition 2.1.2 and 3.3.1). Note that
transition relations are allowed to be empty.

In Chapter 2 we have seen that composition operators such as parallel com-
position and abstraction are crucial to build complex models in a stepwise,
hierarchical manner. Since our ultimate goal is to use IMC as part of a com-
positional methodology, we have to discuss the way in which IMC can be
composed. We therefore need to define parallel composition and abstraction
of IMC. Surely, the result of composition should again lead to an IMC.

Definition 4.2.2. Let P and Q be two IMC with state spaces Sp and Sg.
Parallel composition of P and Q on actions ay ...a, is an IMC (S, Act,—
,—>, P 33« Q), where

- S:={P 2. Q| P €SpAQ € Sg},

— Act is the union of all actions appearing in P or @,

— —> is the least relation satisfying the first three rules in Table 2.1, and
— —0—> is the least relation satisfying the first two rules in Table 4.1.

According to this definition, Markovian transitions —i— are interleaved with-
out adjusting rates. From the discussion in Section 4.1 it should be clear that,
due to the memoryless property, recalculation of rates is not required. Interac-
tive transitions are treated exactly as in Definition 2.1.3. They are interleaved
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Figure 4.7. Parallel composition of two IMC
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Figure 4.8. Abstraction applied to composed IMC

nondeterministically, if no interaction is forced, otherwise a synchronous state
change occurs.

Ezample 4.2.2. In Figure 4.7 the result of composition of Ess and Fsg by
synchronising on sig is depicted.

Abstraction obviously has no impact on Markovian transitions. It is thus
easily adapted from Definition 2.1.4.

Definition 4.2.3. Let P be an IMC with state space Sp. Abstraction of ac-
tions a1 ...a, in P is an IMC (S7 Act,—>,—0—>, E aj...an ), where

- 5= {[1 | P’ € S}

— —> is the least relation satisfying the last two rules in Table 2.1, and

— —0—> is the least relation satisfying the last rule in Table 4.1.

Ezample 4.2.3. Figure 4.8 shows the result of internalising the interactive

. sig . —_ .
transition —+—> in Es5 sis FEsg by means of abstraction.

The following theorem is an immediate consequence of the above defini-
tions.

Theorem 4.2.2. IMC are closed under parallel composition and abstraction.



4.3 Strong Bisimilarity 71

u H

1 ©

(5 S) O e
Ess Es6
sig sig
1% K
ol 50
E58 E E59 E56 E E59

Figure 4.9. Some not equivalent IMC

4.3 Strong Bisimilarity

Interactive transitions and Markovian transitions coexist in Interactive
Markov Chains. Meaningful equivalences for IMC should reflect their coexis-
tence. Strong and weak bisimilarities will therefore be based on the respective
notions for interactive processes and Markovian chains. Additionally, the in-
terrelation of interactive and Markovian transitions has to be captured as
well. This interrelation is not evident from the operational rules as introduce
above.

Ezample 4.3.1. Consider, for instance, the internal transition in

Ess EE% E (Figure 4.8). This transition is in conflict with an ex-
ponentially distributed delay, given by rate v. From a stochastic perspective,
the probability that this delay finishes instantaneously is zero, since (cf. prop-
erty (A) on page 41) 1 —e~v? = 0. On the other hand, an internal transition
may happen instantaneously because nothing may prevent or delay it. This
observation justifies to assume that an IMC that may perform an internal
action is not allowed to let time pass.

This assumption is usually called the mazimal progress assumption and it is
widely used in real time process algebra [151, 187, 93, 49].* As a consequence

of maximal progress, our equivalence will equate | Es5 sig Esg to Es7

depicted in Figure 4.6.

It is worth to emphasise that maximal progress is linked to internal tran-
sitions, but not to exrternal transitions. An IMC that may interact with the
environment does not prevent the passage of time. This is due to the fact that

4 In the context of GSPN [4, 3] a similar assumption is present: immediate tran-
sition are assumed to have a higher priority level than (Markovian) timed tran-
sitions.
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the actual time instant of interaction is governed by the environment. The
environment may postpone this interaction or even prevent it at all. Since the
actual time instant is not determined, the possibility to let time pass should
by no means be ruled out. This is essential for a reasonable, compositional
notion of equivalence.

Example 4.3.2. Assume that mazimal progress would be associated to arbi-
trary interactive transitions rather that only internal ones. In this case Esg
(appearing in Figure 4.6) and Ess, both depicted in Figure 4.9, would be equiv-
alent. Then, they should remain equivalent in the context of composition, for
instance when composed with the very simple IMC Esg. This is necessary in
order to have a reasonable equivalence notion, a congruence. But a compari-
son of Es¢ sie Esg and Esg sie Esg, (Figure 4.9) reveals that this is not the
case, since both give rise to different Markov chains.

In order to formalise maximal progress, we distinguish IMC according to
their ability to initially perform an internal action. We use P /£ to denote
the absence (and P —— to denote the presence) of such internal transitions
and call them stable (respectively unstable) IMC. With this abbreviation we
introduce strong bisimilarity based on Definition 2.2.2 and 3.5.1.

Definition 4.3.1. An equivalence relation £ on S is a strong bisimulation
iff P € Q implies for all a € Act and all equivalence classes C' of £

1. P—3> P implies Q —> Q' for some Q" with P’ £ @',
2. 1:)74—_> implies 7, (P7 C) = T (Q7 C)

Two processes P and Q are strongly bisimilar, written P ~ Q, if they are
contained in some strong bisimulation.

This definition amalgamates strong bisimilarity for interactive processes and
for Markovian chains. In order to compare the stochastic timing behaviour,
the cumulative rate function +,, is used, as motivated in Section 3.5. In ad-
dition, maximal progress is realized because the stochastic timing behaviour
(evaluated by means of ~,,) is irrelevant for unstable expressions. Note that

the first clause of the definition implies Q#—» if P#—», and vice versa.

Ezample 4.53.3. Figure 4.10 depicts a few examples of strongly bisimilar IMC.
The first two, Fgy and Eg, are bisimilar because the rate of reaching class
% cumulates to 2v in either case. Ego falls into the same equivalence class,
because of maximal progress: The Markovian transition labelled with rate A
is irrelevant, because the initial state is unstable. The same reasoning is ap-

plicable to Fg3 concerning the Markovian transition @—ﬁ—»@ . So, all the
four IMC are strongly bisimilar.

Strong bisimilarity is well defined, as expressed in the following lemma. In
addition, it is a substitutive relation.
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Figure 4.10. Some strongly bisimilar IMC

Lemma 4.3.1. Strong bisimilarity

— is an equivalence relation on S*!,
— is a strong bisimulation on S*!', and
— is the largest strong bisimulation on S™.

Theorem 4.3.1. Strong bisimilarity is substitutive with respect to parallel
composition and abstraction, i.e.,

P1 ~ P2 implies P1 ai-.-an P3 ~ P2 ai-.-an Pg,

P1 ~ P2 implies P3 a1...an P1 ~ P3 a1...an PQ,

P ~ P, implies Iim ~ &m

Proof. See Appendix A.2.

Furthermore, strong bisimilarity turns out to conservatively extend the re-
spective notions on interactive processes and Markovian chains. This answers
indeed why we have 'recycled’ the symbol ~, that has been used in Section 2.2
already to denote strong bisimilarity on interactive processes.

Theorem 4.3.2. Two interactive processes are strongly bisimilar according
to Definition 4.3.1 if and only if they are strongly bisimilar according to
Definition 2.2.2.

Two Markovian chains are strongly bisimilar according to Definition 4.3.1
if and only if they are Markovian bisimilar according to Definition 3.5.1.

Proof. See Appendix A.3.
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Thus strong bisimilarity satisfies all the requirements for a reasonable no-
tion of equivalence on IMC. In particular, it is a compositional relation. In
Section 4.5 we will see how to compute strong bisimilarity.

4.4 Weak Bisimilarity

Strong bisimilarity treats internal actions in a different way than other in-
teractive transitions in order to realize maximal progress. However, it does
not abstract from sequences of internal transitions like weak bisimilarity on
interactive processes does (cf. Section 2.2). It is a strong relation, thus each
transition has to be bisimulated stepwise. Since weak bisimulation has proven
to be of great value for compositional aggregation techniques (cf. Section 2.4)
it is worth to also investigate this issue in the context of IMC.

A few questions have to be addressed in order to properly define weak
bisimulation on IMC. While the treatment of interactive transitions can follow
the lines of Section 2.2, the treatment of Markovian transitions in a weak
bisimulation has to be clarified. As discussed in Section 3.5, it is impossible to
replace a sequence of Markovian transitions by a single Markovian transition
without affecting the probability distribution of the total delay. So, we are
forced to demand that Markovian transitions have to be bisimulated in the
strong sense, using function +,,, even for a weak bisimulation. However, we
allow them to be preceded and followed by arbitrary sequences of internal
interactive transitions.

These sequences are, according to Definition 2.2.4 given by ==, the re-
flexive and transitive closure of ——. To incorporate these sequences into the
definition of weak bisimulation is technically a bit involved, and there are
various different strategies how to proceed. The variants we explored all led
to the same notion of weak bisimilarity, and hence we focus on the strategy
that appears most elegant.

For strong bisimilarity, v,, has been used to cumulate rates of Markovian
transitions that directly lead from a state P into a specific equivalence class
C. We broaden this treatment in order to keep track of the impact of in-
ternal transitions that follow a Markovian transition: We cumulate all rates
of Markovian transitions leading to states that can internally evolve into an
element of class C. For this purpose, we define the internal backward closure
C™ as the set of processes that may internally evolve into an element of a set
C,ie,CT={P'|3PcC: P = P}.

Ezxample 4.4.1. Concerning the IMC' Eg7 in Figure 4.11, the internal back-
T

ward closure % of the set % is the union of the sets % and @

CbT 8 Cb and %T 8 %

The treatment of internal sequences preceding a Markovian transitions can

follow the usual style (Definition 2.2.5), but with a slight exception. Since we
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Figure 4.11. Some characteristic examples for weak bisimilarity

are aiming to incorporate maximal progress into our notion of weak bisim-
ilarity, Markovian transitions preceded by a sequence of internal transitions
are only relevant if they emanate a stable state P. Then the cumulative rate
(P, CT) should be taken into account. This requirement will be made more
precise in the following definition.

Definition 4.4.1. An equivalence relation £ on S is a weak bisimulation
iff P E Q implies for all a € Act
1. P =5 P’ implies Q == Q' for some Q' with P' £ Q',
2. P== P’ and P' /> imply Q == Q' for some Q' #+> with~,,(P',C7T) =
Y (@', CT) for all equivalence classes C of €.

Two processes P and @Q are weakly bisimilar, written P ~ Q, if they are
contained in some weak bisimulation.

Lemma 4.4.1. Weak bisimilarity

— is an equivalence relation on S,
— is a weak bisimulation on S, and
— is the largest weak bisimulation on S

So, weak bisimilarity is a well defined equivalence. We illustrate the distin-
guishing power of ~ by means of some examples.
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Example 4.4.2. Eg¢s and Egg depicted in Figure 4.11 are equivalent because
sequences of internal transitions are negligible. More precise, we have for Egs

that v, () ,@T) = 2v as well as v, () ,%T) = 2v. For Fgg we get the
same values for the stable state () . The initial state is instable, but by means
of the second requirement of Definition 4.4.1 we can relate this state to the
initial state of Fgs. Hence Fgs ~ Fgg.

The process FEgr is equivalent to the former two, because

(O 7%3 =2v and vy (O) ,%T) =2v in either case. In con-
trast, vy () 7%3 = v whence we have that Egg is not weakly bisimilar to
the former three processes.

The shape of this last pair, Fg7; and Fgg, sheds some interesting light on
our definition. Assume, for the moment, that all occurrences of —&> are Te-

placed by some interaction transition, say —lv)—>. Then, Fg; and Egg would
coincide with Eijg and Eyg, respectively depicted in Figure 2.8. As discussed
in Section 2.2.2, these interactive processes are equated by the usual no-
tion of weak bisimilarity while they are not by branching bisimilarity. In
the context of IMC, however, weak bisimilarity already distinguishes FEjgr7
and Fgg, because multiplicities of Markovian transitions are relevant. Specif-

ically this fact is the reason why ,, (() ,%T) =2v=7,(® ,%T) but

(O, ) # (@ v ).

This observation suggests to investigate ~ in terms of branching bisim-
ulation. Indeed, it is in general possible to reformulate weak bisimulation
such that Markovian transitions are treated in the same way as external
transitions in branching bisimulation. This is particularly expressed by the
following lemma, where the equivalence class C' has replaced C”. The reader
is invited to compare the second clause of this lemma to Lemma 2.2.4.

Lemma 4.4.2. An equivalence relation £ on S* is a weak bisimulation iff
P £ Q implies for all a € Act and for all equivalence classes C' of &,

1. P—> P’ implies Q == Q' for some Q' with P’ £ Q’,
2. P/ implies 7,,(P,C) = ~,,(Q",C) for some Q" £~ such that Q =
Q" and PEQ".
Proof. See Appendix A.4.

We shall frequently use this reformulation in the sequel. In particular this
lemma eases to show that weak bisimilarity is a compositional relation with
respect to parallel composition and hiding.

Theorem 4.4.1. Weak bisimilarity is substitutive with respect to parallel
composition and abstraction, i.e.,
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P = P, implies P; a1, P3 ~ P, ai.a, Ps,

P = P, implies Ps;ai—a. P P aian P,

P, = P, implies Em ~ \ﬁm

Proof. See Appendix A.5.

Q

As with strong bisimilarity, weak bisimilarity conservatively extends the no-
tion of weak bisimilarity on interactive processes as well as the notion of
Markovian bisimilarity on Markovian chains.

Theorem 4.4.2. Two interactive processes are weakly bisimilar according to
Definition 4.4.1 if and only if they are weakly bisimilar according to Defini-
tion 2.2.5.

Two Markovian chains are weakly bisimilar according to Definition 4.4.1
if and only if they are Markovian bisimilar according to Definition 3.5.1.

Proof. See Appendix A.6.

As a whole, we have defined strong and weak bisimilarity by extending the
respective definitions of Chapter 2 but incorporating the notion of maxi-
mal progress. Both relations are substitutive relations. We will apply these
relations, weak bisimilarity in particular, to compositionally construct and
aggregate Interactive Markov Chains. Practical applicability of this aggrega-
tion relies, as in previous chapters, on efficient algorithms to compute the
respective relations.

4.5 Algorithmic Computation

In order to develop algorithms to compute strong and weak bisimilarity on
IMC we build upon partition refinement techniques introduced in Section 2.3
and Section 3.6.

4.5.1 Strong Bisimilarity

To begin with, we show that strong bisimilarity can be characterised as a
fixed-point of successively finer relations. This characterisation will then be
turned into an algorithm.

Theorem 4.5.1. Let P be an IMC with finite (reachable) state space S.
Strong bisimilarity on S is the unique fized-point of

— 0 = S x S.
— k1 ==k N Ej
where (P',Q’) € E, iff (Vae€ Act) (WVC € S/_,)
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Table 4.2. Algorithm for computing strong bisimilarity classes

Input: IMC transition system (S, Act,—,—0>)
Output: S/ ~
Method:  S.Part := {{P' eS| P 7&}} — {0}
U_Part := {{P' es| P —T—>}} —{0};
Spl := Act x (S_Part U U_Part);
‘While Spl not empty do
Choose (a,C) in Spl;
Old := S_Part U U_Part;
S_Part := Refine(S-Part,a, C);
U_Part := Refine(U_Part,a,C);
S_Part := M_Refine(S-Part, C);
New := (S_Part U U_Part) — Old;
Spl := (Spl — {(a,C)}) U (Act x New);
od
Return S_Part U U_Part.

(Z) Yo (Pla a, C) =% (le a, C)}
(i) if P' £ and Q' /~, then v, (P',C) = 7,(Q',C).
Proof. See Appendix A.7.

Our abstract algorithm is based on this fixed-point characterisation; it is de-
picted in Table 4.2. The algorithm differs from the ones we have developed
before. Initially, two partitions S_Part and U_Part are separated, contain-
ing stable, respectively unstable states. Only stable states are refined with
respect to their cumulative rates, using M_Refine (cf. Section 3.6). In this
way condition (i) of Theorem 4.5.1 is assured. Refinement with respect to
condition () is performed before by function Refine, as in Table 2.3. Just be-
cause the state space is split into two separate partitionings initially, function
Refine is invoked twice.

Ezample 4.5.1. We illustrate the algorithm in Table 4.2 by means of an exam-
ple. We aim to verify the equivalence classes of Eg1 depicted in Figure 4.10.
We initialise the algorithm by collecting stable states in S_-Part := {¥m
and unstable states in U_Part = {€25)}. This situation is represented in the
ﬁrst column of Fzgure 4 12. The set Spl of splitters contains four elements,

B) (2, 3D) (1. &) (r,D).

We start partition reﬁnement by choosing the splitter (a,

B
)
&

of the states in Q@ One of the states returns false while the others return
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Figure 4.12. Partition refinement for strong bisimilarity

true. As a result, we have to refine partition @i@ into two partitions, thus
U-Part = {0, D}

Afterwards, we consider Markovian transitions by means of function
M_Refine(S_Part, &m). We compute the values of (-, &) for each of
the states in £33, the only partition in S_Part. All states return 0, thus the
set of stable states still requires no splitting.

We complete the first iteration of refinement by adding new splitters to
Spl (and removing splitter (a, %)). This leads to the situation depicled in
the second column of this Figure.

We may then choose a splitter (a, Q@) Refinement with re-

spect to interactive transitions (i.e., Refs’ne(Sfart,a,&@) as well as
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Refine(U_Part,a, (25y)) does not lead to any further splitting. But then,
function M_Refine(S_Part, (2y) does. If we compute the values of v, (-, &g

for each of the states in

one of the states returns 2v while all others
return 0. Thus also stable states have to be split into two partitions, %
and (22 . S_Part becomes {&, (2 } and (S-Part U U_Part) — Old is

{%, é@ }. We update Spl accordingly. This leads to the situation depicted
in the rightmost column of Figure 4.12.

Subsequent refinement steps do not reveal any distinction inside each of
the classes Cb, @, é@ , and % The algorithm terminates when Spl
is empty. It has produced the equivalence classes already highlighted in Fig-
ure 4.10.

Theorem 4.5.2. The algorithm of Table 4.2 computes strong bisimilarity
on S. It can be implemented with a time complexity of O((m, + m,,)logn)
where m, is the number of interactive transitions, m,, the number of Marko-
vian transitions and n is the number of states. The space complexity of this
implementation is O(m, +m,,).

Proof. See Appendix A.8.

4.5.2 Weak Bisimilarity

We now turn our attention to the computation of weak bisimilarity. For
algorithmic purposes we first develop a characterisation of weak bisimulation
that slightly differs from Definition 4.4.1 as well as Lemma 4.4.2. We use P \{
P’ to indicate that P may internally evolve to a stable state P’, i.e., where
no further internal transition is possible. Formally, P \{ P’ iff P == P’ and
P’ 7LT—> If there is at least one stable state P’ that P is able to reach internally
we use the predicate P \J. The converse situation is denoted P ){. In this
case P has no possibility to internally evolve into a stable state. We shall call
such a chain time-divergent because of the notion of maximal progress. From
a timing perspective, a time-divergent chain is forced to follow the maximal
progress assumption without being able to reach a state where time may pass
again. So, a time divergent chain prevents the passage of time. If P \{ holds,
on the contrary, P will be said to be time-convergent.

Lemma 4.5.1. An equivalence relation £ on S is a weak bisimulation iff
P & Q implies for all a € Act and all equivalence classes C of €

1. ”WO(P,37C) :’WO(Qvaac);

2. PN\, P and PEP' imply Q L, Q' for some Q' such that QEQ’ and
Y™ (Plvc) = Tm (leC)’ and

3. PN\Liff QN .

Proof. See Appendix A.9.
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In previous chapters we have derived an algorithm to compute the respec-
tive bisimulation from a characterisation as a fixed-point of successively finer
relations. This is also possible here, but it is not necessary and technically
fairly involved. We therefore prefer to directly present the algorithm to com-
pute weak bisimilarity, and to provide a rigorous proof that this algorithm
computes weak bisimilarity indeed.

The basic idea is as follows: The third clause of Lemma 4.5.1 is incor-
porated into the initial partitioning where we will separate time-convergent
from time-divergent states. How to refine with respect to the first clause is
known from Section 2.3 already. To refine with respect to the second clause
of this lemma is the crucial difficulty of our algorithm. It is important to
observe that according to Lemma 4.5.1 time-divergent states do not have to
be refined according to this clause. Since we will separate time-convergent
from time-divergent states initially, we can concentrate on an efficient way to
ensure the second clause of Lemma 4.5.1 only for time-convergent states.

The global structure of the algorithm is represented in Table 4.3. In the
initialisation phase, we first compute the weak transition relation =—-. We
then partition the whole state space into time-convergent and time-divergent
states contained in TC_Part, respectively T'D_Part. The set of splitters, Spl is
initialised accordingly. In the body of the algorithm, T'C_Part and TD_Part
are refined with respect to splitters (a, C), in order to ensure the first clause
of Lemma 4.5.1. The function M_Refine(TC_Part,C) afterwards refines the
current partitioning of time-convergent states with respect to C. The rest of
the algorithm is as before. So, only function IM_Refine( TC-Part,C) remains
to be explained. It is defined as

M_Refine(Part,C) :=

(UXepart (M_Spread(X, C) U {Rest(X, C)}>> —{0}.

This function, the crucial part of the algorithm, refines each class X into mul-
tiple classes, by means of a function M_Spread. For some reasons, explained
later on, the result of M_Spread does not necessarily contain all the states of
X. The missing states are collected in Rest(X,C), defined below.

For a class X, function M_Spread(X,C) splits the stable states inside
this class, according to their rates of moving into class C. Additionally, each
resulting new class is possibly enriched with some unstable states of X by
means of a function Enrich,

M_Spread(X,C) =

U, er* {Enrich(X, {Pex| P#> and 7,,(P,C) :v})}.

For class X and a new (sub-)class, say Y, function Enrich(X,Y) inserts
exactly those unstable states of X to this new class Y that can internally
evolve only to stable states contained in class Y, i.e.,
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Table 4.3. Algorithm for computing weak bisimilarity classes

Input: IMC transition system (S, Act,—,—0>)
Output: S/ =
Method: Compute = from —;
TC_Part .= {{P' € S| P' "{}} — {0};
TD_Part .= {{P' € S| P' )X}} —{0};
Spl := Act x (TC_Part U TD_Part);
‘While Spl not empty do
Choose (a,C) in Spl;
Old := TC_Part U TD_Part;
TC-Part := Refine(TC-Part,a,C);
TD_Part := Refine(TD_Part,a,C);
TC-Part := M_Refine( TC_Part,C);
New := (TC_Part U TD_Part) — Old,;
Spl := (Spl — {(a,C)}) U (Act x New);
od
Return T'C_Part U TD_Part.

Enrich(X,Y) :={P € X | P\ P’ implies P' € Y'}.

Unstable states that may internally and nondeterministically evolve to stable
states of different new classes, are not added to any of the new classes. So,
M_Spread(X,C) may in general contain less states than contained in X. All
these missing states are collected in a new class Rest(X, C), defined as

Rest(X,C):=X —{P €Y |Y € M.Spread(X,C)}.

This explains how a single class X is split into multiple classes by comparing
rates of stable states into class C'. Unstable states are either inserted into one
of the new classes or collected in Rest(X, (). All classes X of time-convergent
states are treated in this way, by means of function IM_Refine.

Example 4.5.2. We aim to explain the algorithm in Table 4.3 by means of an
example, taken from Figure 4.11. We focus on Egg. During initialisation, we
compute =, TC_Part and TD_Part. The latter is empty while the former

i -
sty g
B &



4.5 Algorithmic Computation 83

Spl
{= ),
. Ny),
r. &),
(),
),
@),
(. D).
@ &}

,{Eso}), Enrich(&m, {Ea1})}-

Since each umtable state is inserted inlo either {Eso} or {Fgi},
# returns two partitions, say @ and @g}) covering
n) = 0. We complete the first iler-

We may then choose the next splitter, say (a,

). Refinement with
respect to interactive transitions (i.e., Refine(TC_Part, a,%)) splits the
class (23 into two classes indicated by £y and == in the third column
of Figure 4.13. Then, M_Refine( TC_Part, £33) provides no refinement. Re-
mark that M_Spread(y, @m) = {0}. Thus Rest(y, £ =Ny 4s a
whole, TC_Part = {(_ 5, y, ==} at the end of this iteration. Since New
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Bucket
Data

ATM

/T\ Token

18 {®7 %}, we update Spl accordingly. This leads to the situation depicted
in the rightmost column of Figure 4.13.

Subsequent refinement steps do mot reveal any distinction inside each of
the classes Cb, @, and % The algorithm terminates when Spl is empty.
It has produced the equivalence classes already highlighted in Figure 4.11.

Figure 4.14. The simple leaky bucket

This example has not shown a nontrivial situation where Rest and M_Spread
come into play. Instead of providing an example, we emphasise that in the
proof of the following theorem, these situations are tackled in detail.

Theorem 4.5.3. The algorithm of Table 4.3 computes weak bisimilarity on
S. The initialisation phase can be computed in O(n?376) time. The body of
the algorithm can be implemented such that it requires O(n (m! +m,,)) time
where n is the number of states, m,, is the number of Markovian transi-
tions and m)’ is the number of interactive transitions after transitive clo-
sure of internal transitions. The space complexity of this implementation is
o(m!" +my,).

Proof. See Appendix A.10.

4.6 Application Example: Leaky Bucket

In this section we describe a first, simple application example of IMC. The
leaky bucket is an access control mechanism used in ATM networks [8]. The
basic idea behind the leaky bucket principle is traffic shaping. Before estab-
lishing a connection, sender and receiver negotiate with the net provider in
order to properly describe the characteristics of a connection. In particular,
they may negotiate a constant bucket rate. As data cells arrive at the ATM
switch they flow into a ’bucket’ which drains at bucket rate. If the cells are
arriving faster than the bucket is draining eventually the bucket will overflow.
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Figure 4.15. Hierarchical structure of the simple leaky bucket specification

Several variants of this mechanism have appeared in the literature, and we
refer to [138] for an introduction into the topic. We consider a slight variant
of the basic principle, taken from [130]. As sketched in Figure 4.14 we view
the leaky bucket as consisting of two queues. One of them buffers data cells
that are waiting for transmission over the net. In abstract terms, they simply
need some service and they have to wait until service is available. But, in
order to be allowed for service, a data cell requires a token. If no token is
available the cell has to wait. Tokens are buffered in a second queue. We
assume that tokens and cells possess exponentially distributed inter-arrival
times, given by, say Ap and At. The service time is given by rate Aa.

If we assume that each of the queues consist of two places, we can describe
the whole system as the following composition of five Interactive Markov
Chains, depicted in Figure 4.15,

DATA & BUFFER d sit | TOKEN = BUFFER d it ATM Q .

The structure of all components of this chain has appeared before. The two
chains named BUFFER are indeed replica of the interactive process Eg that
has appeared in Figure 2.4. The other three chains are variants of Esg (Figure
4.9). As informally discussed above, data cells are iteratively produced by
the chain DATA and inserted (by action in) into the private buffer if space is
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Figure 4.16. Lumped Markov chain of the simple leaky bucket

available.? Similarly, tokens are produced by TOKEN and handed over to the
private buffer. A cell will be transmitted whenever three components are able
to synchronise on action out: the chain ATM and both buffers. This realizes
the constraint that data cells can only be served if a token is available.

In order to explore the behaviour of this specification, we iteratively apply
Definition 2.1.3 and Definition 2.1.4. This leads to an IMC with 72 states
and 244 transitions. By applying the algorithms sketched in Section 4.5 this
IMC can be aggregated to 51 states, in the case of strong bisimilarity, and 23
states in the case of weak bisimilarity. Quite important, the result of factoring
with respect to weak bisimilarity is a (lumped) Markovian chain, it does not
contain any interactive transitions. It is depicted in Figure 4.16. Performance
analysis of the simple leaky bucket system can therefore proceed as outlined
in Section 3.4.

Since we have consequently used abstraction we may, as in Section 2.4,
apply compositional aggregation to generate the state space and hence the
Markovian chain. Compositional aggregation in the setting of IMC relies on
Theorem 4.4.1, the congruence result. To be specific, we can aggregate the

state space of | DATA 1o BUFFER ﬁ which has 6 states into an equivalent

IMC, say D, with 4 states. The same is true for | TOKEN in. BUFFER ﬁ , we

® Note that DATA (and TOKEN) may hold an additional data cell (respectively a
token) when the respective buffer is full.
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Figure 4.17. Distinguishing examples for weak bisimilarity

denote the aggregated IMC T. Due to the congruence result we have

DATA == BUFFER ﬁ it | TOKEN & BUFFER ﬁ st ATM £

~ o:utATMﬁ.

Analysing the right hand side leads to an IMC with 32 states. This IMC, in
turn, can be aggregated to the Markovian chain depicted in Figure 4.16. So,
to put it in a nutshell, we can perform the same kind of compositional aggre-
gation that we have outlined in Section 2.4 also in the context of Interactive
Markov Chains.

The benefits of compositional aggregation become more impressing if we
increase the buffer sizes to 100 places each. Then, the original model has a size
of 81608 states while the one obtained by means of compositional aggregation
possesses 20808 states. Because of the congruence property, aggregation of
either of the two IMC leads to the same result, a Markovian chain consisting
of 10607 states.

4.7 Discussion

In this chapter we have introduced IMC, the central formalism of this book. It
arises as an integration of interactive processes and continuous-time Markov
chains. Our decision to maintain two separate transition relations, — and
—0—>, has been justified by a discussion of the shortcomings of other ap-
proaches where a single relation {+— is used. After introducing parallel
composition and abstraction on IMC we have defined strong and weak bisim-
ilarity by extending the respective definitions of Chapter 2 but incorporating
the notion of mazimal progress. In order to efficiently compute these rela-
tions we have developed algorithms that are more involved than the ones
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presented in earlier chapters. Anyhow, it is worth to remark that their com-
putational complexity is not increased. In particular, the time complexity to
compute strong bisimilarity is (still) O(mlogn) since we have been able to
adopt the efficient algorithm of Paige and Tarjan [154]. Here n denotes the
number of states and m denotes the total number of transitions. For weak
bisimilarity we have adopted the algorithm of Bouali [30], and achieved the
same complexity.

The notion of weak bisimilarity is central in order to abstract from internal
computation such that the system can be regarded as a Markovian chain.
We have illustrated this by a compositional analysis of our small example
specifying the leaky bucket principle. More impressing examples will follow
in Chapter 6.

Our notion of weak bisimilarity is closely related to the one used in the
dissertation of Michael Rettelbach [163]. This is not surprising, since both
are based on previous joint work [108]. Indeed, it can be shown that the
relation in [108] coincides with our notion. The difference to Rettelbach’s
definition essentially lies in the treatment of loops of internal transitions.
As highlighted in Section 4.5, such a loop may cause time-divergence, if it
is not possible to escape this loop by an internal transition. The reason is
our mazimal progress assumption. An IMC with such a loop is forced to
follow the maximal progress assumption without actually progressing (thus
essentially preventing the passage of time). The same is true in Rettelbach’s
work, except for loops of length one.

Ezample 4.7.1. Consider the IMC FEgs depicted in Figure 4.17. Rettelbach
does equate this IMC with Eg3 but not with F91 or Egg. The latter two are
considered to be time-divergent, while Ego is not. Our notion of bisimilarity,
on the contrary, distinguishes Egs from Egs but equates Egs with Egg and
FEg1. Both relations equate Egz, Fgs and Fgs.

The issue of loops of internal transitions will be a crucial aspect in the next
chapter, where we are developing an equational theory of IMC under weak
bisimilarity.



5. Algebra of Interactive Markov Chains

In this chapter we will develop an algebra of Interactive Markov Chains.
What turns Interactive Markov Chains into an algebra? An algebra usually
consists of a set of operations on a given carrier set together with equational
laws that characterise these operations. A well-know algebra is the algebra of
natural numbers where addition and multiplication satisfy associativity and
commutativity laws.

To begin with, we show how to specify IMC in a purely syntactic way by
means of a language, and this language shall be the carrier set of our algebra of
Interactive Markov Chains. We will investigate strong and weak bisimilarity
in this context, introducing the notion of weak congruence, a slight refine-
ment of weak bisimilarity. Then, we tackle the issue of a sound and complete
equational theory for strong bisimilarity and weak congruence. Nontrivial
problems will have to be solved in order to establish an equational treatment
of time-divergence and maximal progress. Indeed, our solution solves an open
problem for timed process calculi in general, and we highlight that it can be
adapted to solve a similar open problem for process calculi with priority.

In addition, we introduce further operators that exemplify two different
directions of extensions to Interactive Markov Chains. One operator is intro-
duced to enhance specification convenience. A second operator is introduced
for more pragmatic reasons, namely to diminish the infamous state space
explosion problem for specifications that exhibit symmetries.

5.1 Basic Language

The carrier set of an algebra of Interactive Markov Chains will be a set of
expressions that are basically syntactic descriptions of IMC. For this pur-
pose we shall introduce a language and show that this language is expressive
enough to generate all IMC. The language is given by a grammar consisting
of terminal symbols and non-terminal symbols. Some of these terminal sym-
bols play the role of composition operators, additional to parallel composition
and abstraction. So, we shall define a formal semantics for this language by
giving a meaning to each of these additional operators, again in a structural
operational style.

H. Hermanns: Interactive Markov Chains, LNCS 2428, pp. 89—-128, 2002.
© Springer-Verlag Berlin Heidelberg 2002
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We assume a countable set of wvariables V that will be used to express
repetitive behaviour. As in earlier chapters, we suppose a set of actions Act
containing a distinguished internal action 7 and let R™ denote the set of

nonnegative reals. We use A, p, ... to range over R and a, b, ... for elements
of Act.

Definition 5.1.1. Let A\ € R+, a € Act and X € V. We define the language
IML as the set of expressions given by the following grammar.

Ev=0 | a& | NE | E+E | X | xE | L

We use E, E1, Eo, F, ...to range over arbitrary expressions of IML. The
intuitive meaning of the language constructs is as follows.

— The terminal symbol 0 describes a terminated behaviour that cannot en-
gage in any interaction and is also unable to perform internal actions.

— The expression a.E may interact on action a and afterwards behave as
expression . We say that E is action prefixed by a.

— The expression (A).E, a delay prefized expression, describes a behaviour
that will behave as expression E after a delay that is governed by an
exponentially distribution with a mean duration of 1/ time units.

— The expression F + F' describes two alternatives. It may either exhibit the
behaviour of expression E or the behaviour of expression F'. The terminal
symbol + is called the choice operator. Dependent on the possibilities of £
and F, the choice between E and F' is taken either nondeterministically,
or it may be taken probabilistically, in particular if both E and F' consist
of delay prefixes.

— The expression x.= E describes a recursively defined behaviour. Assuming
that the variable X appears somewhere inside expression F, the meaning
is as follows. Whenever the variable X is encountered during the evolution
of the expression, the expression will reinitialise its behaviour to x.= FE . (If
variable X does not occur inside F, the expression x.= F simply behaves
as F.)

— The symbol L is intended to represent an ill-defined behaviour. This notion
will be explained later on.

We will formalise this intuitive interpretation by means of structural opera-
tional rules, as in Section 2.1. We define a semantics for each expression of
IML, by mapping the complete language IML onto a transition system. The
state space of this transition system is implicitly defined. It is given by the set
of expressions according to Definition 5.1.1. Since each expression E € IML
appears somewhere in this transition system its semantics is determined by
the state space reachable from this expression. Not surprising, we define two
transition relations, one for actions and one to represent the impact of time.
We will provide rules for both action prefix (a.) and delay prefix ((}).), as
well as choice (4) and recursion (x.= ). Termination (0) and ill-definedness
(L) do not require specific rules.
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Table 5.1. Operational semantic rules for IML

aE—>E (\).E—> E
E—> E E—i>E
E+F—>F E+F—3>FE
F—1>F F—t> F’
E+F—>F E+F—i>F
B{x=E/X} > E' B{x=E /X} > E'

Definition 5.1.2. The action transition relation—— C IMLXx Act x IML is the
least relation and the Markovian transition relation —> C IML x R* x IML
is the least multi-relation given by the rules in Table 5.1, where E{F/X}
denotes simultaneous substitution of each occurrence of variable X inside
expression E by expression F'.

Note that the rules for Markovian transitions define a multi-relation instead
of an ordinary relation. This ensures that multiple transitions are generated
for expressions like (A).0 + (A).0. Whenever there are k different proof trees

for a transition —>D\—> the multi-relation will contain & such transitions. The
need to represent multiplicities stems from our interpretation of the choice
operator '+’ in the presence of delays. The delay until the choice is actually
decided is governed by an exponential distribution given by the sum of rates
(cf. property (C) on page 41). As a consequence, the behaviour described by
(A).0 + (A).0 should be the same as that of (2)).0. For the former expression
we represent this delay by means of two separate transitions labelled A which
is technically simple using a multi-relation [77, 114].

Definition 5.1.3. A wvariable X occurs free in an expression E if it occurs
inside E outside the scope of any binding x.= .... We let V(E) denote the
set of variables occuring free in expression E. If V(E) = () we say that E is a
closed expression, otherwise we call it an open expression. The set of closed
expressions will be denoted IMC, ranged over by P, P, @, and so on.

Example 5.1.1. The expressions 0, L+a.0, y.=a.Y +0, and x= X +v.=a.Y
are closed expressions. On the contrary, the expressions X, z.= Z + (A).Y
and z=Y + a.(A\).X are open, since each of them contains at least one free
variable.

The behaviour of open expressions is only partially specified. They become
closed expressions, by adding further recursion operators, such as x.= F if
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V(FE) = {X}. Closed expressions are, as suggested by the name IMC, closely
related to IMC. Indeed, we shall prove in Section 5.4 that any closed and
well-defined expression corresponds to an IMC, and vice versa. The notion
of well-definedness is formally introduced in the following definition. It is of
crucial importance for the whole chapter.

Definition 5.1.4. The set of well-defined expressions IML,| is the smallest
subset of IML such that

~VCIML, and 0 € ML,

— if E€ ML, then a.E € ML, and (\).E € ML,
—ifE€ML, and F € ML, then E+ F € IML|,
— if E{x— E /X} € ML, then x— E € IML,.

The complementary set containing all ill-defined expressions will be denoted
IML;. We write E| (ET) if E € ML, (E € IML; ).

Intuitively, an expression is well-defined if its initial behaviour is determined
(or if it is just a variable). In particular, 1| and expressions like x.-= X are
ill-defined.

Ezample 5.1.2. The expressions 0, y.=a.Y +0, X, and z=Y +a.(A\).X are
well-defined. Note that the former two expressions are closed, while the latter
two are not closed, since they contain free variables.

The expressions L +a.0, z=Z+ (N).Y, and x=X +y=a.Y are ill-
defined. The former two expressions are closed, while the latter one is an
open expression. If E is ill-defined, then E + F and F + E are always ill-
defined, for arbitrary F. Note that well-definedness only refers to the initial
possibilities of an expression. In particular, 7.(L+a.0), b.z.= Z + (A).Y , and
(N .x= X +y.=a.Y are all well-defined.

5.2 Strong Bisimilarity and Weak Congruence

The fact that the language IML contains new composition operators urges us
to re-investigate the notions of strong and weak bisimilarity, in order to ensure
that we are still dealing with a proper substitutive notion of equivalence.
Indeed, the fact that IML contains open and ill-defined expressions implies
that IML is a bit more expressive than IMC. We will hence redefine strong
and weak bisimilarity for this language. For expressions E that are stable
(E /) as well as well-defined (E|) we use the shorthand notation E/|.

Definition 5.2.1. An equivalence relation € on IMC is a strong bisimulation
iff P &€ Q implies for all a € Act,

1. P—> P’ implies Q —> Q' for some Q' with P' & @',

2. Pyl implies that Q| and that v, (P,C) = v, (Q,C) for all C € IMC/E.
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Two closed expressions P and Q are strongly bisimilar, written P ~ Q, if they
are contained in some strong bisimulation.

This definition is a slight but conservative extension of Definition 4.3.1. In
the second clause, /| has replaced 7LT—>, and we require that stable and well-
defined expressions are only related to stable and well-defined expressions.
Furthermore, we do not compare the stochastic behaviour of ill-defined ex-
pressions. A reason for this reformulation is best explained by means of an
example, other reasons will appear later in this chapter.

Ezample 5.2.1. The ill-defined expression x.= X + (X).0 has an infinite num-
A
ber of ——> transitions, since we can generate arbitrarily many terms (X).0

as summands, and hence infinitely different proof trees of the following form:

(\).0—8> 0

(x= X+ ()0 +(1).0) +(1).0—>0

xe X + (N0 +(A).0—>0

ke X+ (A).0 =8> 0

Our restriction to well-defined expressions avoids the need to calculate (and
compare) infinite sums of rates. We redefine weak bisimilarity in the same
way, based on Definition 4.4.1. Recall that for a set of states C', C” denotes
the internal backward closure {P' | 3P € C' : P’ == P}.

Definition 5.2.2. An equivalence relation £ on IMC is a weak bisimulation

iff P &€ Q implies for all a € Act,

1. P—> P’ implies Q == Q' for some Q' with P’ £ Q’,
2. P = P and Pyl imply Q == Q' for some Q'y| such that
Y (P, CT) =, (Q',CT) for all C € IMC/E.

Two closed expressions P and Q are weakly bisimilar, written P~Q, if they
are contained in some weak bisimulation.

Similar to strong bisimilarity, the only change concerns the second clause of
this definition. According to this improved clause (where /| has replaced
7LT—>), the stochastic behaviour is only relevant if we compare two expressions
which both may internally evolve to stable and well-defined expressions.

It can be shown that ~ (~, respectively) itself satisfies the definition
of weak (strong) bisimulation. Either of them is therefore the largest such
relation. It is worth to remark that both relations have been defined on
closed expressions, a subset of IML. Anyway we may ’lift’ these relations to
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also cover open expressions. Two open expressions are considered equivalent
if and only if they behave equivalent whenever arbitrary closed expressions
are substituted for their free variables. This is expressed in the next definition.

Definition 5.2.3. Let R be a relation on IMC x IMC and let E and F be
two expressions of IML with a vector of free variables X = (X1,...,Xy,).
We define E R F iff E{(P/X)} R F{(P/X)} holds for arbitrary vectors
P = (P1,...,P,) of closed expressions of IMC, where {(P/X)} denotes the
simultaneous substitution of each X; by P;.

Now that we have defined strong and weak bisimilarity for the language IML,
we turn our attention towards their compositional properties with respect to
the operators of the language.

Theorem 5.2.1. Strong bisimilarity is a congruence with respect to all op-
erators of IML. In other words, if En, Es and E3 are expressions of IML and
ae Act, A 6R+, and X €V, then

— E1 ~ E2 implies a.E1 ~ a.Eg,

- E1 ~ E2 implies ()\)El N()\).EQ,

— FE1~Fy implies F1+ E3~Fs+ Fs and Es+ E1~FEs+ Es,
- E1 NEQ implies X:= E1 ~ X:= E2 .

Weak bisimilarity is a congruence with respect to all operators of IML except
the choice operator + .

Proof. The proof proceeds along the lines of the proof of Theorem 5.2.2, the
sketch of which is included as Appendix B.1.

The fact that weak bisimilarity is not substitutive with respect to choice
is a well-known deficiency inherited from non-stochastic weak bisimilarity,
see [145] for a counterexample. In order to rectify this situation we crystallise
a specific congruence contained in ~.

Definition 5.2.4. P and Q are weakly congruent, written P ~ Q, iff for all
a € Act and all C € IMC/~

1. P—3> P implies Q—T—:{—?» T Q' for some Q' with P'~ @',
2. Q—> Q' implies P—— —i>—"> P’ for some P’ with P'~ @,
3. Pyl (0’(’ Q\/l) implies vy (P’ C) = Tu (ch);

4. Pyl iff Qvl.

Weak congruence and weak bisimilarity only differ in the treatment of ini-
tial internal steps of P and ). Weak bisimilarity requires that an internal
transition —— is simulated by a weak transition ==, which includes the pos-
sibility that no internal transition has to be carried out (cf. Definition 2.2.4).
For initial behaviours, weak congruence strengthens this requirement. It re-
quires that an internal transition —> has to be matched by A —T—>*,
i.e., by at least on internal transition —>. This small change simplifies the
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conditions imposed on (initial) Markovian transitions, and it is enough to fix
the congruence problem with respect to choice: in contrast to weak bisimi-
larity, weak congruence is a proper substitutive relation with respect to all
language operators (using the lifting according to Definition 5.2.3).

Theorem 5.2.2. Weak congruence is a congruence with respect to all oper-

ators of IML: If E1, E5 and E3 are expressions of IML and a € Act , A € R+,
X €V, then

— F1 ~ FEy implies a.Fq ~ a.Fs,

— By ~ Ey implies (N\).Ey ~ (\).Ea,

— E1 ~ E2 implies E1 +E3 >~ E2 +E3 and E3 +E1 ~ E3 —|—E2,
— FE1 ~ FEy implies x.= F1 ~ x.= Fs .

Proof. See Appendix B.1.

Indeed, weak congruence is unique in the sense that it turns out to be the
coarsest congruence contained in weak bisimilarity, as a consequence of the
following lemma.

Lemma 5.2.1. Ey ~ FE, iff, for each E5 € IML, Fy + FE3 ~ E5 + F3 and
E3+E1 %Eg—‘rEQ.

As a result, we have obtained two substitutive equivalence notions on IML:
strong bisimilarity and weak congruence, a distinguished subset of weak
bisimilarity. In the next section we will develop an equational theory for
both congruences. The interrelation between these relations is expressed in
the following lemma.

Lemma 5.2.2. ~ C ~ C =~.

5.3 Equational Theory of Strong Bisimilarity and Weak
Congruence

The issue of this section is to develop an equational theory of strong bisimilar-
ity, respectively weak congruence, for IML. An equational theory characterises
the impact of the language operators by means of a set A of equational laws.

Example 5.3.1. An example of an equational law is the commutativity law
E+ F = F+ E. The intuitive meaning of this law is as follows: Whenever a
pattern of the form E+F can be found in an expression, it can be replaced by
F + E. E and F play the roles of meta variables and can be instantiated by
arbitrary expressions of IML. In this way we may transform (N).(a.0+L) into
(N).(L+a.0): We instantiate E = a.0 and F =1 and afterwards substitute
F+F for E+F.
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Formally, an equational law is a pair of expressions of IML connected with the
symbol ’=’, where either of the expressions may contain some meta variables
such as F, F, and so on. In technical terms, a law (or a set of laws) induces
an equivalence on IML, or more precisely, a congruence, since we are allowed
to replace sub-expressions inside larger expressions, as in the above example.

The question arises, in what sense such an induced congruence is related
to the congruences we have defined on the semantics of IML, i.e., strong bisim-
ilarity and weak congruence. We are aiming to provide laws that are sound
with respect to, say, strong bisimilarity. A law is sound with respect to an
equivalence if any application of the law does not alter the equivalence class
of the expression. The converse direction is called completeness. A set of laws
is complete with respect to an equivalence, if two expressions can be trans-
formed into each other by (iterative) application of laws, whenever they are
equivalent.

Example 5.3.2. The law 0 = 0 is sound for any equivalence relation on IML.
However, this law is, as it stands alone, far from providing a complete set
of laws for any nontrivial equivalence. On the other hand, a law E = F is
complete for any equivalence relation on IML, but it is sound only for the
trivial relation IML x IML that equates all expressions.

So, our ultimate goal is to provide sets of laws that are sound as well as
complete with respect to strong bisimilarity, respectively weak congruence.
We shall say that such a set aziomatises the respective congruence.

In order to reach this goal, we can rely on experience gained in the con-
text of interactive processes. Milner has pioneered this topic by developing
axiomatisations for regular CCS [142, 144]. Regular CCS arises from IML
by disallowing L and delay prefixing, (A\).E. Before we introduce Milner’s
axiomatisation, we need to introduce different notions of guardedness.

Definition 5.3.1. We define the following notions of guardedness:

— A wvariable X is weakly guarded in an expression E, if every free occurrence
of X in E is contained in a prefived sub-expression, i.e., an expression of
the form a.F or (A).F. In this case, a, respectively (\) is called a guard of
X.

— A wariable X is strongly guarded in expression E if each free occurrence
of X is weakly guarded by a guard different from .

— A wariable X is said to be fully unguarded in expression E if it is not
weakly quarded. It is called partially guarded if it is not strongly but weakly
guarded.

— An expression E is said to be strongly (weakly) guarded if, for every sub-
expression of the form x.— E' | the variable X is strongly (weakly) guarded
in E'.

Ezample 5.3.3. X is weakly guarded in (\).X, Y+1, x= X, and 7.(X +0),
but neither strongly guarded in the latter, nor in 7.(x.= X +X). Furthermore,
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Table 5.2. The set A% axiomatises strong bisimilarity on CCS

(@) E+F = F+FE

(4) (E+F)+G = E+4+(F+G)

(I E+FE = E

(N) E+0 = E

(:=1) x=F = v=FE{Y/X} provided Y is not free in x:.= F .
(=2) x- B = E{X:: E /X}

(:=3) x=F = x=-=X+F

(:=4) F =E{F/X} implies F = x.= E  provided X is weakly guarded in E.

X is fully unguarded in X +a.X, y=Y + X, and 2= (N).x=y=X +X,
but not in z= (A).x=y.= X .
The expressions 0, a.x=7.X and v=7T.x=Y +(N).X are weakly

guarded, and only the first of them is also strongly guarded. The other two
are hence partially guarded. Examples for fully unguarded expressions are
Z:= ()\).X:: v=X + X and z-= ()\).X;: yi= X .

5.3.1 Strong Bisimilarity

We are now ready to introduce an equational theory for strong bisimilarity on
IML. Table 5.2 lists equational laws axiomatising strong bisimilarity on regular
CCS. The first four laws state that the choice operator is commutative (C'),
associative (A), idempotent (I), and that 0 is the neutral element of choice
(N). The other four laws handle recursion, and we refer to [142] for a detailed
explanation. In short, law (.=1) states that bound variables can be renamed
if no additional bindings are introduced. Law (.=2) is immediate from the
structure of the operational rules for recursion, and law (.=3) is a means to
remove ill-definedness. The effect of law (.=4) will be extensively discussed
below.

Our axiomatisation is based on this system, but with a few modifications.
The first question we pose concerns soundness of these laws. Indeed, two
of the laws, (I) and (:=3), turn out to be not sound with respect to strong
bisimilarity on IML. We will show later (Theorem 5.3.1) that all other laws
are sound however.

Ezample 5.3.4. Law (I) allows one to equate (A).0 + (A).0 and (A).0, but
(A).04+ (A).0~(X).0 does not hold according to Definition 5.2.1. Similarly
x= X +0 can be equated to x.= 0 by means of law (-=3), but these two ex-
pressions are not strongly bisimilar, since the former is ill-defined, while the
latter is well-defined (and both are stable).
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Law (:=3) is therefore not sound since it makes it possible to equate well-
defined and ill-defined expressions. The purpose of this law in [142] is indeed
to remove ill-definedness. But we have decided to treat ill-definedness dif-
ferently in order to avoid the calculation of infinite sums. Another striking
reason why we deviate from Milner’s treatment will become evident later.
Anyhow, we have to avoid a law like (.=3). We replace it by a law that ex-
plicitly indicates ill-definedness, using the symbol 1:

(:=5) x=l+F = x=-X+F

We also require to avoid the general idempotency of choice. This is needed
because of the presence of stochastic time. Delay rate quantities have to be
cumulated according to property (C) of exponential distributions (cf. page
41) in order to represent the stochastic timing behaviour of expressions like
(A).E+()\).E. As a consequence, idempotency does not hold for delay prefixed
expressions, while it does hold for action prefixed ones. We thus have to split
law (I) into several laws, (I1) — (I3). Together with other laws, they form
the set A. and are depicted in Table 5.3.

As we will see (Corollary 5.3.1), this set A~ is sound and complete for
IML modulo strong bisimilarity. Law (I1) axiomatises property (C) (and is the
reason why (I) is invalidated in general). The laws (12) and (I3) state that
idempotency is valid for action prefixed expressions as well as in the presence
of ill-definedness. Note that, according to the second clause of Definition 5.2.1,
ill-definedness or instability implies that delay rate quantities are irrelevant.
This fact is indeed also the justification for the law (L1), as well as law (L2).
The latter two are crucial for an equational treatment of maximal progress.
The characteristic law for maximal progress, (A\).E + 7.F = 7.F [151, 187,
49], is derivable from these two laws. We shall write A - E = F whenever
E = F may be proved from the set of laws A.

Lemma 5.3.1. A.F(N).E+71.F=1.F.
Proof. Use (L1) and (L2) (twice) to equate
Aot (N.E+7.F = (\).E+ L+7.F =1+7.F = 7.F.

In this proof, as well as in the sequel, commutativity (C') and associativity (A)
are used without explicit reference. After these remarks we are now tackling
the issues of soundness and completeness of A. . First, we state that each of
the laws of A.. is sound with respect to strong bisimilarity.

Theorem 5.3.1. For arbitrary expressions E and F' it holds that
A.FE=F implies E~F.

The proof requires a tedious case analysis and is omitted.
We are now addressing the question whether this set is also complete,
i.e., enough to allow the deduction of all semantic equalities. We closely follow
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Table 5.3. The set A~ axiomatises strong bisimilarity on IML

(@) E+F = F+E

(A) (E+F)+G = E+(F+G)

(1) NE+@E = (\+p).FE

(12) aFE+aFE = aF

(I3) E+E+141 = E+1

(N) E+0 = E

(L1) \.E+L = 1

(L2) l+rE = 1.E

(:=1) x=F = vy=FE{Y/X} provided Y is not free in x:= E .
(=2) xe B = E{X:: E /X}

(=4) F=E{F/X} implies F =x.= F provided X is weakly guarded in E.
(:=5) x=l+F = x=X+4+F

the lines of Milner and use sets of mutually recursive defining equations to
capture the impact of recursion. The main use of the recursion operator
x:= ... is to provide a means to specify multiply recursive dependencies in
just a single expression of the language, as in x.= in.v.= in.out.Y 4+ out.X . By
means of a set of mutually recursive defining equations the same situation
can be encoded as

= inY
Y := inoutY +out.X.

Such sets of defining equations will be employed as a means to prove com-
pleteness. In addition, these sets are also much more convenient to work with
when specifying complex dependencies. We will therefore use sets of defin-
ing equations extensively in later chapters, when we discuss applications of
Interactive Markov Chains.

Definition 5.3.2.

1. Anequationset (ES) {X := F} is a finite non empty sequence (a vector)
of declarations (X1 := F1,...,X,, := F,), where the X;s are pairwise
distinct variables and the F; are expressions of IML.

2. An equation set S = {X = F} is weakly guarded if each X; is weakly
guarded in each F;. We shall call X the formal variables of S. All other
variables occuring in any of the expressions F; will be called free variables
of S.

3. An equation set {X := F'} is a standard equation set (SES) iff each F;
is of the form:
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r(2) s

Fi=Y ai; Xpaj) +

(i) 0 u(i)
j=1 k=

(Nik)-Xg(ik) + ZWh(i,l) + Z 1
=1

1 m=0

where the variables Wy, are free, i.e., W is disjoint from X. An empty
sum denotes 0.

4. For a given set of laws A, a vector E A-provably satisfies an ES {X :=
F} iff for each E; it holds that AF E; = F,{E/X}.

5. An expression E A-provably satisfies { X := F'} iff there exists a vector
E which A-provably satisfies {X := F} and A+ E = Fy,

For convenience, we introduce some further abbreviations, that are needed
later on, especially in the proofs in Appendix B. They reflect the syntactic
shape of an equation set in a transition oriented notation.

Definition 5.3.3. Let S = {X := F} be some ES with free variables W .
We define

1. X; —?—»S X; iff a.X; appears as a summand in Fj,
2. Xoos Wi iff Wy appears as a summand in F;,

Our proof of completeness consists of three main steps. First, we show that
each expression provably satisfies some weakly guarded SES. Then, we verify
that two separate weakly guarded SES, each provably satisfied by some ex-
pression, can be merged into a single weakly guarded SES, provably satisfied
by both expressions, if both expressions are strongly bisimilar. This will be
the crucial part of the proof. In the last step we show that two expressions
can be equated by means of A. if both provably satisfy the same weakly
guarded SES.

This strategy turns out to work for weakly guarded expressions, but not
for fully unguarded ones. The latter however can be transformed into the
former, as expressed by the following lemma.

Lemma 5.3.2. For each expression E, there exists a weakly guarded expres-
sion F' such that A F E=F.

Proof. By induction on the structure of E. The only interesting case is recur-
sion where (.=5) is applied to remove fully unguardedness (by transformation
into L).

Theorem 5.3.2. For each weakly guarded expression E, there is some weakly
guarded SES in the free variables of E that E A~ -provably satisfies.

Proof. See Appendix B.2.

We proceed by verifying that, whenever two weakly guarded expression are
strongly bisimilar, and each of them provably satisfies a weakly guarded SES,
then these SES can be merged into a single weakly guarded SES. This is
expressed by Theorem 5.3.3.
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Theorem 5.3.3. Let E and F be two strongly bisimilar expressions,
i.e., E~F. Furthermore let E (F, respectively) A~ -provably satisfy the
weakly guarded SES S1 (S2). Then there is some weakly guarded SES S,
that both E and F A~ -provably satisfy.

Proof. See Appendix B.3.

As a last last step we show that two expressions can be equated by means of
A if both provably satisfy the same SES.

Theorem 5.3.4. If two expressions E and F A~ -provably satisfy a single
weakly guarded SES in the free variables of E and F, then A+ E = F.

Proof. A direct adaption of the proof of [142, Theorem 5.7].

We now have the necessary means to prove completeness for arbitrary ex-
pressions.

Theorem 5.3.5. For arbitrary expressions E and F' it holds that
E~F implies A+ E=F.

Proof. Lemma 5.3.2 implies the existence of weakly guarded expressions E’
and F' with A F E = E’ and A. F F = F’. Soundness of the laws gives
E’ ~ F’. Using Theorem 5.3.2, there exist two weakly guarded SES S; and
Sy, such that E’ A.-provably satisfies S; and F’ A.-provably satisfies S5.
Theorem 5.3.3 implies the existence of some weakly guarded SES S that
both E' and F’ A.-provably satisfy. Now, Theorem 5.3.4 implies that S has
a unique solution. Therefore, A - E' = F’ and hence A F E = F.

So, summarising Theorem 5.3.1 and Theorem 5.3.5, we have achieved that
A.. axiomatises strong bisimilarity.

Corollary 5.3.1. For arbitrary expressions E and F it holds that

E~F if and only if A.FE=F.

5.3.2 Weak Congruence

In this section we develop a set of equational laws that is sound and complete
with respect to weak congruence. As in the preceding section, we follow the
lines of Milner [144]. Table 5.4 presents a set of laws, AS. This set is sound
and complete for weak congruence on CCS. At first glance, the upper part
of these laws seems to be literally copied from the set AS®S (Table 5.2). This
fact should not be surprising, because strong bisimilarity is a subset of weak
congruence (cf. Lemma 5.2.2) and therefore every pair that can be proven to
be strongly bisimilar has to be weakly congruent as well. This is a striking
reason why the axiomatisation of weak congruence is an extension of the
axiomatisation of strong bisimilarity.
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However, there is an irritating difference between Table 5.2 and the upper
half of Table 5.4. Law (.=4) has been changed to law (.=4"), the alteration being
just that the word ’weakly’ has been replaced by ’strongly’. Indeed, (.=4) is
more than just a law, it is the essence of the so-called recursive specification
principle [14]. Tt states that a recursively defining equation, such as X := E,
possesses a unique solution. "To have a solution’ refers to the fact that there is
an expression F such that if X is replaced by F' on both sides of the equation,
the resulting expression, i.e., F' and E{F/X}, are congruent. The solution is
said to be unique, if all such F' fall into the same congruence class.

Ezample 5.3.5. The recursively defining equation X = X has (infinitely)
many solutions, such as a.0 and 0, that are neither weakly congruent nor
strongly bisimilar. It does not possess a unique solution at all.

The equation X = a.X (with a different from 7), on the other hand, has
also infinitely many solutions, such as v.=a.a.Y and z=a.Z + 0, but they
are all strongly bisimilar to each other, as well as weakly congruent. So, this
equation possesses a unique solution with respect to either congruence.

Now, the equation X := 7.X has a unique solution if we are interested in
strong bisimilarity, where T is treated in the same way as a. But with respect
to weak congruence, there are expressions, such as 1.a.0 and 7.0 that are
not weakly congruent, but either of them is a solution of the above equation.
So, this equation does not possess a unique solution with respect to weak
congruence, in contrast to strong congruence.

From this example it should be clear that (.=4) is not valid for expressions
where X appears fully unguarded in F, such as x.= X . It is sound for strong
bisimilarity if X is (at least) weakly guarded in E (cf. Theorem 5.3.1). Weak
congruence additionally requires to restrict this law to strongly guarded ex-
pressions in order to exclude partially guarded expressions like x.= 7.X .

In this setting, such partially guarded expressions require a treatment that
differs from the strong case. For this reason, Milner introduces the laws (.=6)
and (.=7), depicted in the lower part of AS®. These laws make it possible to
transform any partially guarded expression into a strongly guarded one, that
is, of course, weakly congruent to the original expression.

The laws (71)-(73) describe different impacts of internal actions on expres-
sions. It is worth to emphasise that we obtain an axiomatisation of branching
bisimulation by removing law (73) from A%

After this discussion of Milner’s axiomatisation of weak congruence for
CCS, let us now focus on the goal of this section, an axiomatisation of weak
congruence for IML. Unsurprisingly, we will base this axiomatisation on the
lower part of AS®S| together with the set A. that axiomatises strong bisim-
ilarity on IML.

! To be precise, the axiomatisation of branching bisimulation congruence replaces
the laws (71) — (73) by the single law a.(EF + F) = a.(7.(E+ F) + F) from
which (71) and a guarded version of (72) can be derived.
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Table 5.4. The set AS®S axiomatises weak congruence on CCS

() E+F = F+FE

(A) (E+F)+G = E+(F+G)

(I) E+FE = E

(N) E+0 = E

(:=1) x=F = v=FE{Y/X} providedY is not free in x.= E.
(=2) xe B = E{X:: E /X

(:=3) x=F = x=X+F

(=4") F = FE{F/X} implies F = x.= E provided X is strongly guarded in E.
(=6) x=7.(X+E)+F = x=17X+4+E+4+F

(::7) x=7X+F = x=-71F

(r1) ar.E = aFE

(12) E+7E = 71.E

(T3) a(E4+7.F)+aF = a(E+T1F)

Again, the first question that arises concerns soundness of the CCS laws
for our variant of weak congruence. Indeed, the law (.=7) turns out to be
problematic. This has to do with the notion of time-divergence already dis-
cussed in Section 4.5. Recall that an expression is time-divergent if it cannot
evolve to a stable expression by means of internal steps only. Weak con-
gruence inherits from weak bisimilarity that time-divergent expressions are
separated from time-convergent ones. We have argued that this is a highly
desirable feature, since time-divergent expressions are forced to perform an
infinite number of internal steps, due to maximal progress, without actually
letting time progress. But law (.=7) would allow us to blur this distinction
between time-convergence and time-divergence.

Ezample 5.3.6. Consider the time-divergent expression x.=7.X + (A).0. An
application of law (:=7) turns this expression into the time-convergent expres-
sion x.= 7.(X\).0 . These two expressions are not weakly congruent.

As a consequence, law (.=7) is not sound with respect to ~ on IML. In order
to motivate an alternative law, we point out the crucial particularity of our
definition of weak bisimilarity, and thus of weak congruence: Definition 5.2.2
treats time-divergence and ill-definedness in exactly the same way. In order to
equate two closed (or open, applying Definition 5.2.3) expressions, the second
clause of this definition allows two possibilities. Either both expressions are
time-divergent or ill-defined, or both expressions are time-convergent and
well-defined. It is therefore possible, and also quite intuitive, to regard time-
divergence as a specific case of ill-definedness, and to use the symbol L to
indicate it.
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Table 5.5. The set A~ axiomatises weak congruence on IML

() E+F = F+E

(A) (FE+F)+G@ = E+(F+G)

(1) NE+(@E = O+ p.FB

(12) aE+aFE = aFE

(I3) E+E+1+1 = E+1

(N) E+0 = E

(11) (\.E+L = 1

(L2) l+r7E = 1.FE

(:=1) x=F = vy.=F{Y/X} provided Y is not free in x.= F .
(=2) < E = { _E /X}

(=4') F = FE{F/X} implies F = x.= E provided X is strongly guarded in E.
(:=5) x=Il+F = x=X+F

(=6) x=7.(X+E)+F = x=17X+FE+4+F

(:=8) x=TX+FE = x=1.(l4E)

(r1) aT.E = akFE

(72) E+1E = T1.E

(73) a(E+71F)+aF = a(E+TF)

(m4) N.m.E = (M\.E

We will replace (.=7) by a law (.=8) that equates x.=7.X + F with
= 7.(L+E) instead of x.= 7.E . This is the crucial aspect of our set of equa-
tions A~, depicted in Table 5.5. The upper part of these laws is essentially
A, but with (.=4) changed to (.=4'), as in the case of AS®S. In the lower part
of A~ we find law (.=6) and law (.=8).
The remaining laws are Milner’s laws (71)-(73), together with a law (74)
which is an obvious adaption of (71). It is an important observation that no
adaption of (73) is included in A~, such as

(N.(E + 1.F) + (\).F = (\).(E + 7.F).

Indeed, this law is not required and, additionally, not even sound for ~ on
IML. This is basically a consequence of Lemma 4.4.2 saying that = treats
Markovian transitions in the same way as external transitions in branching
bisimilarity. Be reminded that law (73) is the distinguishing law between
weak and branching bisimilarity.

After this explanatory introduction we are now tackling the issues of
soundness and completeness of A~ .
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Theorem 5.3.6. For arbitrary expressions E and F' it holds that
A +FE=F implies E ~F.
Proof. See Appendix B.4.

So, A~ is sound with respect to weak congruence. In order to verify com-
pleteness, we will, once again, follow closely the lines of Milner [144]. The
proof is a bit more involved than the one for strong bisimilarity. In a prepro-
cessing step, Lemma 5.3.3, we first show that we can transform an arbitrary
expression into a strongly guarded one.

Lemma 5.3.3. For each expression E, there exists a strongly guarded ex-
pression F' such that A+ E =F.

Proof. See Appendix B.5.

The fact that we transform each expression into a strongly guarded one dif-
fers from the treatment in Section 5.3.1, where only weak guardedness was
achieved by Lemma 5.3.2 in a preprocessing step.

The reason to require weak guardedness has been the last step of the
completeness proof, Theorem 5.3.4. This theorem essentially extends (.=4)
from a single recursively defining equation to sets of equations. These sets
have to be weakly guarded (Definition 5.3.2). Since weak congruence forces
us to use law (.=4") instead of law (.=4), we need strong guardedness to ensure
that multiple recursively defining equations have a unique solution. This fact
will be shown in Theorem 5.3.9. The notion of strong guardedness of equation
sets is based on Definition 5.3.3.

Definition 5.3.4. Let S = {X := F} be some ES with free variables W. S
is strongly guarded, if it contains no cycle X; —T—>S X;.

In order to show completeness of A~, we need some intermediate transfor-
mations, similar to those required in the strong case.

Theorem 5.3.7. For each strongly guarded expression E there is some
strongly guarded SES in the free variables of E that E A~-provably satis-
fies.

Proof. The construction in Appendix B.2 provides a strongly guarded SES
S if expression F is strongly guarded.

So we can associate a strongly guarded SES with each strongly guarded ex-
pression. We now show how each strongly guarded SES can be transformed
into a strongly guarded and saturated SES. The (syntactic) notion of satura-
tion corresponds to the (semantic) notion of weak transitions. It is based on
Definition 5.3.3.

Definition 5.3.5. An SES S = {X,; := F;} with free variables W and
formal variables X is saturated iff for all X;, X; and all Wy, it holds that
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T X a T

1 X, —>g—irg —>g X; implies X; —>g X;, and
T * X X
2. Xi——>g D>sWy implies X; >g Wi.

Lemma 5.3.4. If a strongly guarded expression E A~-provably satisfies
some strongly guarded SES S, then there is some strongly guarded and satu-
rated SES S’ that E A~-provably satisfies.

Proof. See the proof of [144, Lemma 3.1], or [134] for a more detailed one.

We proceed by verifying that, whenever two strongly guarded expression are
weakly congruent and each of them provably satisfies a strongly guarded and
saturated SES, then these SES can be merged into a single strongly guarded
SES. This is expressed by Theorem 5.3.8.

Theorem 5.3.8. Let E and F be two weakly congruent expressions, i.e., E ~
F. Furthermore let E A~-provably satisfy the SES S1 and F A~-provably
satisfy the SES S, where both S and So are strongly guarded and saturated.
Then there is some guarded SES S, that both E and F' A~-provably satisfy.

Proof. See Appendix B.6.

As a last step we show, as in the strong case (Theorem 5.3.4), that whenever
two expressions provably satisfy the same SES, they can be equated by means
of the laws.

Theorem 5.3.9. If two expressions E and F A~-provably satisfy a single
strongly guarded SES in the free variables of E and F, then A~ + E =F.

Proof. Rework of the proof of [144, Theorem 4.2].

We are now in the position to put all these results together to prove com-
pleteness for arbitrary expressions.

Theorem 5.3.10. For arbitrary expressions E and F' it holds that
E~F implies A+ E=F.

Proof. Assume E ~ F. Lemma 5.3.3 implies the existence of strongly guarded
expressions E' and F’ with A~ + F = E’ and A~ - F = F’. Soundness of the
laws gives ' ~ F’. Using Theorem 5.3.7, there exist two strongly guarded
SES S; and Ss, such that E' A~-provably satisfies S; and F’ A~-provably
satisfies So. Due to Lemma 5.3.4 we can assume that both SES are saturated.
Then, Theorem 5.3.8 implies the existence of some strongly guarded SES S
that both E’ and F’ A~-provably satisfy. Now, Theorem 5.3.9 implies that
S has a unique solution. Therefore, A~ - E’ = F’ and hence A~ - E = F.

Corollary 5.3.2. For arbitrary expressions E and F' it holds that

E~F if and only if A FHE=F
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So, we have, in summary, achieved that A~ axiomatises weak congruence, in
addition to the result of Corollary 5.3.1, saying that 4. axiomatises strong
bisimilarity. We have thus tackled the problem of sound and complete equa-
tional theories of strong bisimilarity and weak congruence on IML successfully.

This result is made possible due to our deliberate treatment of time-
divergence and ill-definedness. In fact, we are now in the position to com-
pletely understand why the separation into well-defined and ill-defined ex-
pressions is crucial. In Section 4.3 we have argued that the notion of mazimal
progress arises naturally whenever a decision between Markovian transitions
and internal action transitions has to be taken. With the syntactic means of
IML, this has been expressed in Lemma 5.3.1 as

(A\).E+71.F=1.F.

The notion of maximal progress is widely used in many timed process alge-
bras, e.g. [151, 187, 93, 49]. However, complete equational theories for weak
congruences for such algebras have been an open problem. The reason is that
Milner’s law (.=7) is easily shown to contradict maximal progress.

Ezample 5.3.7. In our setting, a counterezample is x.= 7.X + (A).0 . This ex-
pression is time-divergent, it can perform an infinite number of steps without
evolving to a stable state. Law (.=7) equates this expression to x.= 7.(A\).0,
while mazximal progress leads to x.= 7.X . The former is time-convergent,
while the latter is not. Obuviously, they are not equivalent.

So, the presence of maximal progress and time-divergence hampers the treat-
ment of expressions that are usually covered by (.=7). We have overcome this
problem by means of three ingredients:

— We have incorporated the notion of well-definedness into the definition of
(strong bisimilarity and) weak congruence.

— We have introduced a distinguished symbol L that indicates ill-definedness.

— We have replaced law (.=7) by law (.=8), together with some other laws. The
laws make use of the symbol L to represent ill-definedness. Time divergence
is treated as ill-definedness.

From a practical point of view, the symbol L can be seen as an auxiliary
construct needed during the process of equating two expressions. To make
this view more precise, we introduce a restricted language, IML* where the
symbol 1 is absent.

Definition 5.3.6. Let \ € RJr, a € Act and X € V. We define the language
IML* as the set subset of IML given by the following grammar.

Eu= 0 | a& | NE | E+E | X | x=&

The subset of IML* of closed guarded expressions will be denoted IMC* . Fur-
thermore, we use IMC to denote the subset of weakly gquarded expressions of
IMC*.
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Though this language does not contain the symbol L, its axiomatisation still
relies on the use of this symbol.

Ezample 5.3.8. The expressions x.= 7.X + 7.(A).0 and 7.(\).0 are both con-

tained in IML* (even in IMCL), and they are weakly congruent. To establish
this property makes the symbol 1 appear and vanish again inside the deriva-
tion (that uses the laws (:=8), (:=2), (12), and (72)):

Au bk x=7 X +7.(N).0 = x=7.(L+7.(1).0) =
7.(L +7.(A).0) = 7.7.(1).0 = 7.(1).0.

So, in order to equate expressions from this restricted language, the laws
involving the symbol L are still necessary. Since the subset IMC, the subset
of closed and weakly guarded expressions of IML’K7 has a specific importance,
we restate Corollary 5.3.1 and Corollary 5.3.2 for IMC,.

Corollary 5.3.3. For arbitrary expressions E and F of IMC_ it holds that 2

1. E~F if and only if A.FE=F, and
2. E~F if and only if AL E=F.

In fact, the set IMC| has a direct correspondence to Interactive Markov Chains
as they have been defined in Section 4.2. It plays the role of the set S®!!, al-
ready introduced in Section 2.1 as the state space of ’an immense transition
system’ containing all transition systems we have discussed. In other words,
any interactive processes, and any Interactive Markov Chains can be gener-
ated by some expression taken from IMC.

Formally, we say that an expression E generates some IMC P (modulo
strong bisimilarity) if there is a strong bisimulation containing the pair (E, P)
of initial states. The notion of strong bisimulation used may be instantiated
to either Definition 5.2.1 or Definition 4.3.1. The reason is that both defini-
tions agree on IMCL, because the elements of IMC_ must be well-defined by
definition.3

Theorem 5.3.11. Fach expression from IMCL generates some IMC with a
finite state space. Furthermore, each IMC with a finite state space is generated
by some expression from IMC, .

So, IMC and IMC, are equipotent,* and we may therefore call the expressions
of IMC_ chains in the sequel. The language IMC is the core of a specification

2 Since IMC,. does not contain fully unguarded expressions, law (:=5) is superfluous
for i complete theory, while it is still needed to completely axiomatise IML% and
IMC#.

3 We are a bit sloppy here, since strong bisimulation according to Definition 4.3.1
is defined on a transition relation, while the semantics of E is a multi-transition
relation.

4 Similar results are possible with respect to weak congruence and weak bisim-
tlarity. IMC and IMC are equipotent modulo weak congruence, if the latter is
restricted to weakly guarded expressions. Without any restriction, IMC and IMC
are equipotent modulo weak bisimilarity.
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language for IMC. In order to allow the use of defining equations for the
specification of IMC, we say that a standard equation set { X := F'} generates
an IMC, if there is a chain P € IMC_ that generates this IMC and P A.-
provably satisfies {X := F'}. From the restrictions imposed on P it is clear
that each F; does neither contain L nor free variables.

Ezample 5.3.9. The equation (set)
Fy :=in.out.F;
generates the IMC' Ey (Figure 2.1). Esg (Figure 4.9) is generated by
Es9 :=0,
and Egs (Figure 4.10) by
Eg3 = 7.(2v).((1). Es3 + 7.0 + a.0).

Let us now draw the complete picture of results achieved so far. In summary,
we have defined a specification language IMC| to generate IMC in a compo-
sitional way, using the operators, and possibly using defining equations. We
have lifted strong and weak bisimilarity to this language. Weak bisimilarity
needed a slight refinement, resulting in weak congruence, in order to preserve
substitutivity. We have obtained sound and complete equational theories for
strong bisimilarity and weak congruence (Corollary 5.3.3). The equational
theories use an additional symbol | to properly handle maximal progress
and time-divergence.

5.4 Parallel Composition and Abstraction

In the previous section, we have tackled the problem of sound and complete
equational theories of strong bisimilarity and weak congruence on IML, and
we have clarified the relation between IMC and IML. We shall now discuss the
operators we have defined in Chapter 4, abstraction and parallel composition
in the context of our specification language. It turns out that these operators
are not elementary, because they can be encoded using the operators of IML.
This may seem a bit surprising (it is a standard phenomenon in process
algebra though), but it just reflects that IMC are closed under these two
operators (Theorem 4.2.2) and the fact that each IMC is generated by some
chain of IMC_ (Theorem 5.3.11).

To establish this property formally, we present a set of additional laws,
that allows us one to rewrite parallel composition as well as abstraction
into the basic operators of IML. Table 5.6 lists the necessary laws. Law (X)
is the IMC version of the well-known expansion law. It states that non-
synchronising actions of components can be simply interleaved. Either the
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Table 5.6. The set Ax allows rewriting of parallel composition and abstraction

(X) P Q =Y 00E==Q) + Y anh Q) +

aj¢{ai...an}
P
—_ D) (PE= Qu) + >, b(PZa Q) +
Y (Xg)-PitXa;.Pj b;#¢{a;...an}
Y (kp) Qr+X b.Q I
SN— Z aj.(Pj ai...an QZ)

aj=bj€{a;...an}

H1 N = 0

(H1)

(H2) ar-..an [ a. provided a ¢ {a, ...an}
(H3) o e - provided a € {a, ...an}
(H4)
(H5)

H4
H5

aj...an

e - (PPN C pmem

i

left (a; ¢ {a,...an}), or the right component (b; ¢ {a,...a,}) performs a
non-synchronising action. In case of synchronisation (aj =b; € {a,...a,}),
both partners evolve further. As discussed extensively in Section 4.1, the
memoryless property (cf. property (B) on page 41) of exponential distribu-
tions implies that delay rate quantities can be interleaved as well, without
any adjustment of distributions.

The laws (H1) — (Hb5) are very simple. They say that abstraction dis-
tributes over termination, over choice, and over (action and delay) prefix,
where, according to (H3), action a is internalised if it appears in the set
{a;...a,} of actions. With these laws, parallel composition and abstraction
can be shifted arbitrarily deep into a specification, until either 0 or some
variable X is reached. In Theorem 5.4.1 we establish that this is enough
to ensure completeness for a language IMCx_ that includes abstraction and
parallel composition of chains.

Definition 5.4.1. Let IMCx| be the set of expressions given by the following
grammar, where P € IMC_ and a1, ...,a, € Act\ {7}.

E == P | s | A &

The action transition relation —> C IMCx x Act x IMCx, is the least relation
and the Markovian transition relation —> C IMCyx X R™ x IMCx is the least
multi-relation given by the rules in Table 2.1, Table 4.1, and Table 5.1.

Theorem 5.4.1. For arbitrary expressions P € IMCxL and @ € IMCx_ it
holds that

1. P~Q if and only if (AcUAx)F P =Q, and
2. P~Q if and only if (ArUAx)FP=Q.
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The proof is omitted since it exhibits no differences to the usual proofs (see
for instance [107]).

5.5 Time Constraints and Symmetric Composition

In this section, we discuss two additional operators that exemplify two differ-
ent strands of extensions to Interactive Markov Chains. One operator which
we call the elapse operator, is introduced to enhance specification conve-
nience. With this operator, time constraints can be inserted into a specifica-
tion in a compositional way. Roughly speaking, it allows a constraint-oriented
specification style for IMC [184]. The shape of the second operator to be intro-
duced is not primarily driven by the desire to enhance modelling convenience.
Instead, the reason to introduce symmetric composition is a pragmatic one,
namely to diminish the state space explosion problem for specifications that
exhibit symmetries.

5.5.1 Time Constraints

We aim to introduce an operator that allows one to add time constraints
between certain interactions of an Interactive Markov Chain. To fix termi-
nology, a time constraint is a delay that necessarily has to elapse between
two kinds of interactions, unless some interaction of a third kind occurs in
the meanwhile.

Ezample 5.5.1. The leaky bucket principle, investigated in Section 4.6, can
be seen as a rudimentary example, where time constraints are imposed on
certain interactions. For instance, we have incorporated a time constraint
between successive out actions by a small chain ATM := (\a).out.ATM. By
synchronising ATM and

o
c
+

DATA &= BUFFER d

TOKEN & BUFFER ﬁ

on action out, successive out actions are separated by delays drawn from an
exponential distribution with rate Aa. In this simple example, interruption of
the delay by some interaction of a different kind is not possible.

In order to facilitate the definition of such (and much more involved) time
constraints, we introduce a dedicated operator, the elapse operator. The op-
erator has the following five parameters:

— an IMC P is the subject of some time constraint,

— an IMC @ determines the duration of this time constraint,

— aset of actions D = {dj, ..., d;} determines which interactions of P should
be delayed,
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— a set of actions S = {sy,...,s;} determines when the delay (governed by
Q) starts, and
— a set of actions I = {iy,...,in} determines which interactions may inter-

rupt the delay.

Though not formally required, it is only meaningful to employ an absorbing
Markov chain as @. The time until absorption will then govern the duration
of the time constraint. Clearly, a Markov chain is any expression @ € IMC,
that does not involve action prefix. If () has the possibility of termination, it
is an absorbing Markov chain, and the time until termination (i.e., until the
state 0 is reached) describes some phase-type distribution. This is an impor-
tant aspect here, since phase-type distributions can approximate arbitrary
distributions arbitrarily closely [563, 150]. In other words, we can impose an
arbitrarily distributed time constraint, by choosing the appropriate absorbing
Markov chain for Q.

As a syntactical notation of the elapse operator, we have chosen the fol-
lowing notation, that appears in two variants,

b S b (5,Q)
Py Q| and Plyr Q"].
gD t D

The left variant is used when the time constraint is inactive, i.e., when no
interaction listed in D has to be delayed, because, for instance, no interac-
tion listed in S has occured yet. If some interaction of S occurs, the elapse
operator changes its appearance to the right variant. We say that the time
constraint is active now. )’ indicates a running phase-type distribution of the
absorbing Markov chain ). Now interactions listed in D are prevented, until
Q' has evolved to 0. Then interactions in D are enabled again. If one of them
happens, or if some of the interrupting interactions from I occurs during the
running time constraint, the elapse operator is de-activated again, by chang-
ing back to the left variant. For obvious reasons, we require that I and D are
disjoint (interactions to be delayed cannot themselves interrupt the delay).
But we do not necessarily require S to be disjoint from I or D. This opens up
the possibility to re-initialise the phase-type distributions, if an interaction
from S NI occurs, or to immediately activate a new time constraint, if an
interaction from S N D occurs.

This informal explanation is formally realised by the operational rules
given in Table 5.7 and Table 5.8; we explain the semantics rule by rule.

— The first rule in Table 5.7 says that an inactive time constraint does not
affect, and is not affected by any interaction except those in S.

— The second rule handles the activation of a time constraint. In order to
remember the distribution, @ is copied into (S, Q).

— The third rule says that an active time constraint does not affect, and is not
affected by any interaction except those that may interrupt the constraint,
and those that are to be delayed.
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Table 5.7. Operational rules for action transitions of the elapse operator

113

P—>p
b S b S
Pler [@] 5 P o1 [Q]
¢ D § D
P—i> P
b S b (S,Q)
Plor [Q—s P |1 Q
g D t D
pP—>p
b (5,Q) b (S,Q)
Pl Q]3> P |1 Q"]
g D t D
PP
b (5,Q) b S
Plyr Q> Plur [@Q
g D t D
P—i> P
b (5.Q) . b (5.Q)

P b I Q’ |—;—> P, b I Q
t D t D
PP

_ [ree b s
Py 0] P |o1 [Q]
§ D t D
P—i> P
b (5.Q) b (S.Q)
Pler  [0]5 Pler [Q]

g D t D

a¢gs

aes

a¢IUD

ael\S

aelns

aeD\S

aeDnNS

— The fourth rule realizes an interrupt of the time constraint. The time con-
straint is de-activated.
— In the fifth rule, re-initialisation of an active time constraint is realized.
This requires an action that belongs to I as well as S.
— The sixth rule handles the case where the phase-type distribution is
elapsed, the Markov chain has reached 0.> Upon the occurrence of an inter-

5 Some reader may find it inelegant to rely on the fact that a terminated Markov
chain has a specific syntactic form, namely 0. It seems to be more appropriate
to employ an explicit termination signal there, such as § as it is known from
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Table 5.8. Operational rules for Markovian transitions of the elapse operator

Ql A Q//
b (S,Q) N b (5,Q)
Plur Q |—> P|ur Q
g D g D
A /
P—> P
b S \ b S
Plvr |[Ql—> P lur | Q
t D 4 D
A /
P—g> P
b (S,Q) N b (S,Q)
Pl Q |- P 1 Q
g D g D

action from D the time constraint is de-activated, except if the interaction
also belongs to S.

— In the last rule of Table 5.7 the case is handled that the Markov chain
has reached 0 and an interaction from D N S occurs, resulting in a re-
initialisation of the time constraint.

Note that no action transition can be initiated by @ at all. This means that @
may possibly deadlock if it is not a pure Markov chain. Markovian transitions
are possible for (), in the case that the time constraint is active, while P may
perform Markovian transitions without any restriction. This is expressed by
the three rules in Table 5.8.

Example 5.5.2. In order to illustrate the elapse operator in a simple exam-
ple, we return to the leaky bucket principle discussed before. We have, in
Section 4.6, incorporated a time constraint between successive out actions by
a small chain ATM := (A7).out.ATM. Now we have the means to express this
time constraint explicitly, using the elapse operator, as

b out

DATA _in_ BUFFER d out | TOKEN _in. BUFFER d h (An).0

f out

In a similar way, we could also replace DATA and TOKEN by appropriate time
constraints. Furthermore, we can employ different time constraints easily,
LOTOS. We have chosen the syntactic solution here only for simplicity, since

the whole operator is already somewhat complex. To include a signal § does not
pose substantial problems.
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Figure 5.1. Time constraints can be added by means of parallel composition

such as an Erlangy distribution with mean duration 1/Ap by changing the
Markov chain that governs the time constraint between successive out actions
to

b out

DATA n_ BUFFER d out | TOKEN in_ BUFFER ﬁ b (428)-(42R)-(42n)-(424).0

f out

From a slightly different point of view, this example indicates that time
constraints governed by a certain MC @ can also be incorporated into a
specification without using the dedicated elapse operator, namely by parallel
composition with an IMC, say Qs 1,p, of a certain shape. This is the reason
why synchronisation with ATM on action out has been used in Section 4.6 for
adding the time constraint to the leaky bucket system. For the general case,
the shape of such an IMC Qg,1,p is sketched in Figure 5.1. In the essence,
some loops and additional action transitions are attached to the MC @ (here
an Erlang distribution). In this figure we have taken the liberty to abbreviate

. .. . .- A
a set of parallel action transitions —i» by a single transition ——, where A
subsumes the respective actions a.
If such an IMC Qg 1, p is synchronised with another IMC P on the union
b S

of S, I and D, the effect is exactly the same as specifying £ |87 Q |
t D

(formally, both are strongly bisimilar). In other words, the elapse operator
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Table 5.9. The set Ay allows rewriting of time constraints

S b S
(u) Plyr Q = Z(}\z) P g1 E"'
¢ D D
s ) (5.Q)
Yo T [@y Yo P [
a; €5 ¢ D a; €S LD
b (5.0 b (5,Q")
) Pl Q] _ Z(AZ) P a1 E-l—
8D 0
b (5.Q")
S E e [y
b (5,Q")
R P
a;¢IuD i
b S
s o @
NS ub I(Js Q")
Z a,. Pjlyr Q provided @ # 0
a;€Ins D
b (5.0 b (5,Q")
o Hp, [ - TR [
b (5,Q")
S e Lilar [0y
a; ¢IUD £D
b S
» 7
S — Soooa e @y
L (X)-Pi+Y a5 P a; E(JUD)\S LD
b , ’
Y(pg)-Qr+Xb-Q j o
$ - aj. b lwt Q
Q a;€(IuD)NS LD

is not essential, it can be encoded by means of parallel composition. But,
since parallel composition itself is not essential (Theorem 5.4.1), we may also
give a direct encoding of the elapse operator in terms of the basic operators.
This is done in Table 5.9, where a kind of expansion law for time constraints
is given, consisting of three separate laws. Law (f) handles the case of an
inactive time constraint, while law (b) describes what can happen if the time
constraint is active. Law (f) describes the possibilities if the time constraint
has elapsed.

The algebraic properties of the elapse operator are as expected. Strong
bisimilarity and weak congruence are also congruences with respect to this
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operator and a sound and complete axiomatisation can be achieved by adding
Ay to A, respectively A~, as formally established below (Theorem 5.5.4).
One may wonder whether the incorporation of a time constraint via the
elapse operator influences the functional side of the behaviour of an inter-
active process P (which would be considered undesirable). To address this
question, let us consider delays as internal moves, i.e., we consider a prag-
matic abstraction that maps each (\) prefix occuring in @ into 7, treating
the passage of time as an internal system activity. Under this abstraction,
the semantics of the elapse operator stays entirely in the ordinary setting
of interactive processes, and we are able to compare the original process to

the one resulting after adding the constraint. It is a simple exercise to ver-
b S

ify that P and P |17 | Q | are equivalent according to ordinary weak (or
t D

branching) bisimulation (Definition 2.2.5), whatever the parameters of the
constraint (@, S, I and D) may be, under the above abstraction. As a con-
sequence, we may say that the use of the elapse operator does not alter the
functional behaviour modulo weak bisimulation.

5.5.2 Symmetric Composition

We now introduce another composition operator. The goal of this operator
is different from an enhancement of modelling convenience which has been
the motivation for the elapse operator. The main achievement of symmetric
composition is to enhance the possibilities of analysing complex models. It
avoids an exponential blow-up of the state space of a model, that occurs if
many identical replica of some component appear in the context of parallel
composition.

Example 5.5.83. A small example of a blow-up caused by parallel composi-
tion of identical replicas appeared in Figure 2.5. The chain describes
a two-place buffer as a composition of two one-place buffers. It requires four
states, two of which can be identified by strong bisimilarity. As a consequence,
only three states are necessary to represent the behaviour of a two place buffer,
(cf. Eg in Figure 2.5). If we increase the number of buffer places to, say, hun-
dred places, the possible reduction is more dramatic. A parallel composition
of hundred one-place buffers requires 2% states, while a strongly bisimilar
behaviour can be expressed by means of 101 states, as well.

For this buffer example, it is well known how to achieve a compact state space
directly (by enumerating the different filling degrees of the buffer). However,
as soon as the component to be replicated is slightly more complex or involves
synchronisation, it is a difficult and error-prone task to manually determine
the reduced state space. It is possible to apply the bisimulation algorithms
of Section 2.3, respectively Section 4.5, in order to aggregate the state space,
but this requires (compositional) construction of the state space beforehand.
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Figure 5.2. Parallel composition of three identical replicas of (A).a.0

The symmetric composition operator shall avoid this exponential blow-
up without any necessity for manual transformations or bisimulation algo-
rithms. Symmetric composition of n identical replicas of P will be denoted by
{n!P}A. These n identical replicas evolve independently by spending time or
performing actions not belonging to the synchronisation set A. Actions con-
tained in this set have to be performed synchronously by all replicas. We will
define the semantics of symmetric composition in terms of structural opera-
tional rules. We then proceed by showing that this semantics is correct with
respect to the usual semantics of parallel composition. Furthermore it turns
out that, for a restricted class of processes, the semantics is minimal with re-
spect to the number of states. Before introducing the semantics of symmetric
composition formally, we discuss the effect of symmetric composition for a
specific example.

Ezample 5.5.4. We use a composition of three replicas of the chain (\).a.0,
all synchronised on action a. The state space obtained when relying on the
operator = is depicted in Figure 5.2. In this transition system, the states in
the second (as well as in the third) row are strongly bisimilar, since they are
just permutations of each other.

Figure 5.3 shows the transition system obtained for symmetric composi-
tion of three replicas of (X).a.0. The chain {3!(\).a.0}{a} will first spend some
time, since all three chains spend time. The time until it changes to another
behaviour is given by the minimum of three exponential distributions, all with
rate \. Since the minimum of exponential distributions is given by the sum of
the rates, the rate until a state change happens is 3\. Then, one of the repli-
cas will change its behaviour to a.0. The other two will stay in their current
state. We denote this situation by the term {2!()).a.0, 1!a.0}{a}. Note that
this term contains a set of two different expressions with their respective mul-
tiplicities. What is the subsequent behaviour of this term? Performing action
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{31()).2.0}{a}
3A

{21()).2.0, 11a.0}{a}
2\

{1!(N\).a.0, 2!a.0}{a}

{3!a.0}{a}

a

O {3'10}{a}

Figure 5.3. Symmetric composition of three identical replicas of (\).a.0

a is not possible, because only one out of three replicas is ready to perform
it. Therefore, in complete analogy to the above, this process will evolve to
{11 (N).a.0, 2'a.0}{a} with rate 2X. This process is still not able to perform
action a. It will hence evolve to {3!a.0}{a} with rate \. Now, all chains are
ready to perform action a, leading to {3!10}{a}.

From this example it is not surprising that we are essentially dealing with
multisets of chains. The bridge between the notation M = {ny ! Py,... ny!
P} and a standard multiset over chains, i.e., a function (also denoted M)
from chains to N is the following definition:

M(P)=k>0 ifandonlyif (k!P)e M.

With these notational preliminaries we are ready to define the semantics of
symmetric composition. It is given by the set of rules given in Table 5.10.
@ denotes an empty multiset (different from (), denoting an empty set). The
rules make use of a standard multiset operation, namely insertion (@) of
elements to a multiset. It is defined as

M@ P := M’ with M'(P') := if (P’ = P) then M(P’) + 1 else M(P’).

The first two rules handle synchronisation, where all replicas have to change
state on the occurrence of an action contained in A. The necessary precon-
ditions that all elements in the multiset are able to perform an action are
checked element-wisely, until the remaining multiset is empty. This effect is
best explained by means of our example.

Ezample 5.5.5. The proof tree for the transition {3!1a.0}{a} —— {310}{a},
is constructed as follows:
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Table 5.10. Operational rules for symmetric composition

GA——> TA
MA—>MA PP 4
(M@ P)A—> (M @ P)A

PP g4
(M@ P)A—> (M® P)A

A /
P—t> P M(P)=n—1
(M@ P)A—i—> (M@ PHA

@{a} —> @{a} a.0——0
{11a.0}{a} —> {1!0}{a} a.0—> 0
{21a.0}{a} = {21 0}{a} a.0——0
{31a.0}{a} —— {3!0}{a}

Note that, according to the first rule, @A is able to interact on any action
listed in A, without changing state. This is required by the left precondition
of the second rule in order to let a synchronisation happen. The latter two
rules of symmetric composition handle asynchronous action transitions, re-
spectively Markovian transitions, in a straightforward way. As we have seen
in the example, the multiplicity of possible Markovian transitions has to be
taken into account.

Ezample 5.5.6. For instance, {2!(\).a.0 , 1!a.0}{a} A {11 (N\).a.0, 2!
a.0}{a} can be derived as follows:

(\).2.0 —i> 2.0

(21(\).a.0, 11a.0}{a} —8> {11 ()\).a.0, 2!a.0}{a}

Now, once we have discussed the effect of these laws, it is worth to observe
in what sense symmetric composition is consistent with parallel composi-
tion. More precise, it is important to establish that the transition system ob-
tained by applying the above rules is different, but equivalent (i.e., strongly
bisimilar) to the transition system obtained by applying parallel composi-
tion. This central property of symmetric composition will be expressed in
Theorem 5.5.1. Before we are able to establish this result, we have to be a
bit more precise about the chains we allow to appear inside a multiset.
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The complete language of IMC we are going to consider, IMCxx, consists
of IMC, together with the four operators introduced in the previous sections:
symmetric and parallel composition, time constraints, and abstraction. It is
defined on the basis of IMC, and as a superset of IMCx, .

Definition 5.5.1. Let IMCxxL be the set of expressions given by the following
grammar where P, P' € IMC, and S,1,D, A,{a1,...,a,} C Act\ {7}.

E == P | | £€3ian & |

_[vs [
Eattivaliea A ARy
£ D $ D
M = Maé€ | o

The language IMCxx| comprises arbitrary multisets, where each of the ele-
ments of a multiset is built according to the first row of the grammar. Sym-
metric composition is a special case, where M is just {n! &} for n € N.
This syntax is not explicitly included in the grammar of IMCxx., we use it as
a shorthand for a multiset obtained by adding the same expression £ to @
exactly n times.%

Definition 5.5.2. The action transition relation —> C IMCxxL X Act X
IMCxxL s the least relation and the Markovian transition relation —i> C
IMCxx % R x IMCxxL is the least multi-relation given by the rules in Ta-
ble 2.1, Table 4.1, Table 5.1, Table 5.7, Table 5.8, and Table 5.10.

Since symmetric composition is intended to be a specific reformulation of
parallel composition, it is not surprising that we can find an expansion law
to encode symmetric composition into the basic language. However, in order
to make the connection to parallel composition explicit, Table 5.11 provides
a direct encoding of symmetric composition in terms of parallel composition.
Indirectly (using the expansion law (X)), this gives an encoding of sym-
metric composition into the basic language. The set A, contains two laws
having a clear correspondence to the operational rules of Table 5.10. Law
(@) states that symmetric composition can be rewritten to parallel composi-
tion element-wisely. Law (&) handles the empty multiset, as it is done by the
first operational rule. In fact, the soundness of these two laws is the key to
establish that symmetric composition is consistent with parallel composition.

5 In technical terms, define {1! P} as (@ @ P), and for n > 0 define {n + 1! P}
as ({n! P} & P). One may demand that a user of the language is only allowed
to use the notation {n ! P} instead of specifying arbitrary multisets. With this
restriction, the implementation of symmetric parallel composition by means of a
multiset is completely hidden from the user of the language. However, since this
constraint is not required for any technical reason, we do not restrict the use of
multisets.
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Table 5.11. The set A allows rewriting of symmetric composition

(®) MeP)A = MAZam P provided {ai...am} = A
(2) oA = > a(2A)
acA

Theorem 5.5.1. Forn > 0 and P € IMCxx, it holds that

Paiam P... 3i.am P is strongly bisimilar to {n! P}{a;...an}.

n times
Proof. A side result of the proof of Theorem 5.5.4.

So, symmetric composition always generates a strongly bisimilar transition
system compared to parallel composition. In addition, it is clear that the
generated state space is strictly smaller than that obtained from parallel
composition (except for n = 1, or if P is deadlocked or terminated). This
raises the question whether this transition system is also minimal with respect
to bisimilarity. As discussed in Section 2.3, a transition system is minimal if it
possesses the least possible number of states necessary to represent a certain
equivalence class of behaviours.

The experiences we sketched so far seem to suggest that symmetric com-
position has this desirable property. However, we are only able to show min-
imality for a rather restrictive class of chains, linear chains, except if no
synchronisation among replicas is forced.

Definition 5.5.3. A chain of MCxxL is linear if it does at most involve
recursion, (delay and action) prefiz, termination and abstraction, but neither
choice nor parallel (or symmetric) composition (and time constraints).

Theorem 5.5.2. If P is minimal with respect to strong bisimilarity, then
{n ! P}A is minimal with respect to strong bisimilarity provided that P is
linear or that A is empty.

Proof. See Appendix B.7.

Ezample 5.5.7. The minimal representation of a one-place buffer,
E, :=inoout.Ey (Figure 2.5) is linear. By Theorem 5.5.2, symmetric
composition of hundred replicas of a one-place buffer with {100 E1}( is
minimal. The state space consists of 101 states. Note that no synchronisation
among buffers is forced, as well.

One major reason for the above restriction to linear chains is the possibility
to introduce deadlocks by means of synchronisation. An example is symmet-
ric composition of P := a.b.0 + a.c.0. The chain {2! P}{a, b, c} possesses a
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P

{1 \a.

Figure 5.4. Non-minimal symmetric composition

deadlock {1!b.0,1!c.0}{a,b,c} that trivially behaves in the same way as
{210}{a,b,c}, which is also reachable. So, the semantics is not minimal.
Analysing such examples seems to suggest that deterministic chains do not
pose such problems. A chain is deterministic if for each choice, the initial
actions are pairwise different. This property is closed under symmetric com-
position for actions appearing in the synchronisation set. Since the above
problem arises in the context of synchronisation, determinism of all actions
appearing in a synchronisation set appears to avoid this. But again, coun-
terexamples exist, and it is even not enough to consider only chains where
{n! P}A does not deadlock.

Example 5.5.8. An example is depicted in Figure 5.4. The process
{21 P}{a,b,c,d}, where

Pi= (N.aP+bP) + (A.(aP+cP) + (A.a.P+d.P)

possesses three equivalent states, appearing in the last row of this figure.
Therefore the semantics is not minimal. Note however, that Markovian tran-
sitions are maximally lumped, and that applying parallel composition would
lead to 16 instead of 10 states.

The syntax of this counterexample possesses a specific pattern. Nevertheless
it is not obvious how to characterise the absence of this pattern and simi-
lar patterns syntactically. A syntactic criterion, excluding such situations is
a prerequisite to extend Theorem 5.5.2 beyond linear processes. This defi-
ciency is contrasted by the observation that symmetric composition leads to
minimal transition systems in most practical examples we investigated so far.
This will be exemplified in Chapter 6, where we will illustrate the value of In-
teractive Markov Chains in practice, with particular emphasis on symmetric
composition.
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Before we do so, we intend to complete the picture of theoretical properties
of the language IMCxxL, by establishing that strong bisimilarity and weak
congruence are substitutive for the additional operators of this section.

Theorem 5.5.3. Strong bisimilarity and weak congruence are congruences
with respect to all operators of IMCxxL -

In addition, the set of laws listed in this section are sound, and together with
the laws established for IMC also complete for IMCxx, .

Theorem 5.5.4. For arbitrary expressions P € IMCxx. and @ € IMCxx, it
holds that

1. P~Q if and only if (AWUAxUA UA)EFP=Q, and
2. P~Q if and only if (ArUAxUA UA)FEP=Q.

So, we have extended the axiomatisations developed in Section 5.3 to cover
the four additional operators as well. Apart from providing a clear charac-
terisation of both operators and congruences, these axiomatisations can be
used to prove equality by means of purely syntactic transformations. For this
purpose, it is worthwhile to derive further laws from the basic laws that ab-
breviate tedious syntactic transformations. Some examples are given below
(In order to avoid superfluous brackets, 2. has already been used in Theo-
rem 5.5.1 and Figure 5.2.).

Lemma 5.5.1. Let ’ 7 denote derivability by A~, respectively A~, plus
(Ax UAy U A). Then,

1. F P3a. Q = Q3Ziaw P,

2. l— (P ai...an Q) a,..a, R = P a.a. (Q ai...an R),
.+ [fog - [rog
4. -

(MeoP)oQ)A = (MaQ)® P)A,

b S, b Sz b So b 51
5. o Plon [ Q1L Qz‘ = Ploin |Qaf|lon Q1‘.
uDl ﬁDz ﬁDz ﬁDl

5.6 Discussion

In this chapter we have introduced a language to generate IMC and have
built a rigid algebraic theory on top of this language. Starting from a basic
calculus, we have added a set of composition operators for different purposes,
while retaining a sound and complete axiomatisation (Theorem 5.5.4).

We like to point out that the axiomatisation established for the basic
calculus IML is far more than a trivial exercise. On the contrary, a satisfactory
equational treatment of bisimilarity is rare in the literature of process calculi
with a notion of time and maximal progress. Apart from some work that
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restricts to finite behaviours (i.e., excludes recursive definitions at all), we are
only aware of the work of Aceto and Jeffrey [1] who give an axiomatisation
of strong bisimilarity for Wang’s timed CCS [187]. Their equational theory
is restricted to closed and weakly guarded expressions.

Furthermore, the issue of a sound and complete axiomatisation for weak
congruence has been an open problem for any process calculus with maximal
progress for a long time. The reason is that time-divergent expressions cannot
be treated in the way pursued by Milner in [144]. In particular, Milner’s
law (.=7)

x=T.X+F =x=-1.F

is easily shown to contradict maximal progress, expressed by
(cf. Lemma 5.3.1)
(A\).E+1.F =71.F.

The set A~ solves this problem for the language IML, (including open
and fully unguarded recursive expressions). The key idea is to introduce a
specific symbol L to indicate ill-definedness and to replace the above law (.=7)
by a set of laws that equate time-divergence and ill-definedness. Together
with a law that makes it possible to escape from ill-definedness (and hence
time-divergence) by means of an internal step (law (L2)), this treatment is
sufficient to achieve completeness. The necessary proofs, given in detail in
Appendix B, are non-standard and fairly involved, in particular the proofs
of Theorem 5.3.3, Lemma 5.3.3 and Theorem 5.3.8. They are based on joint
work with Markus Lohrey [105].

The notion of ill-definedness is borrowed from Walker [185]. Walker has
studied divergence in the context of regular CCS and weak congruence. It is
interesting to discuss ~ in the context of regular CCS that arises from IML by
disallowing delay prefixing. We use IMLy to denote this subset of IML. With
the technical means of Section 5.1 the following result is easy to show.

Theorem 5.6.1. For arbitrary expressions I/, F' € IMLy it holds that

E~F if and only if ({(u), (.=5), (=8)} U (A§05\{(;=3), (:=7)})>}— E=F.

Stated differently, we have obtained an equational theory for CCS modulo
weak congruence. The theory (and hence the congruence itself) differs from
other treatments of divergence in CCS: Our notion of weak congruence does
neither coincide with Milner’s divergence insensitive notion (denoted ~iner)
nor with Walker’s divergence sensitive variant (ﬁwalker).7 Roughly, the rea-
son is that, different from Walker, it is possible to escape from unstable di-
vergence. But, deviating from Milner, it is not possible to escape from stable

7 Walker’s basic notion is a preorder rather than an equivalence. The induced
equivalence turns out to be incomparable with Milner’s original notion of weak
congruence.
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Figure 5.5. Weak congruence is finer than Milner’s notion and incomparable with
Walker’s

divergence. As a whole, it can be shown that ~ is incomparable with Walker’s
notion (cf. the first and last pair in Figure 5.5). In contrast, ~ turns out to
be strictly finer than Milner’s observational congruence.

Theorem 5.6.2. For arbitrary expressions E, F' € IMLy it holds that E ~ I
implies E>ppimer F.

The inclusion is strict, as testified by the middle pair in Figure 5.5. This com-
pares favourably to the treatment of divergence in [185] that is incomparable
with the original definition. Furthermore, our treatment of divergence can be
adopted to establish (formerly unknown) sound and complete equational the-
ories for a variety of process algebras. We briefly sketch some results, focusing
on a calculus comparable with IML, i.e., including prefix, choice, termination
and recursion.

~ The set of laws {(C), (4), (I1), (I3), (N), (11), (1), (-2), (~4), (-5)} pro-
vides a sound and complete axiomatisation of strong equivalence of
PEPA [114] (where ’(a, -);” replaces ’(_).” in law (I1) and law (L1).).

— The same set of laws is sound and complete for Markovian bisimilarity of
MTIPP [107] (giving an implicit proof that strong equivalence and Marko-
vian bisimilarity agree on this common fragment).

— The set of laws {(L1),(L2),(-=1),(:=2), (:=4), (:=5)} forms the basis of a
sound and complete equational theory with respect to strong bisimilar-
ity on the timed calculus CSA with a single clock [49]. This fragment of
CSA agrees with Hennessy and Regan’s TPL [93], but originally TPL is
developed in a testing setting.

~ The set of laws {(C), (4), (), (N), (L 1), (L 2), (1), (~2), (4), (-5)}
(where ’a.’ replaces ’(\). in each of the laws) is sound and complete with
respect to strong congruence on CCSP'°, the prioritised calculus of [148].

— For a simplified variant of weak congruence on CCSPr©
the above set of laws without law (.=4) but together
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with {(‘=4/)a (Tl)a (T2)a (TS)a (T4)a (:=6)a (=8)} and a law
N(E+71.F)+(N).F=\).(E+71F) is sound and complete (again
replacing each '(A).” by ’a.’). The details are carried out in [104].

Indeed for prioritised calculi such as CCSP™° the problems are very similar to
those faced in the context of timed calculi with maximal progress. The law
that nicely reflects priority

T E+aF=1F.

(where a has a lower priority than 7) contradicts Milner’s treatment of diver-
gence, law (.=7). As a consequence, no axiomatisation of weak congruence for
process calculi including priority has appeared in the literature before this
one, as it is the case for calculi with maximal progress. An alternative to
our approach has recently been proposed by Bravetti and Gorrieri [35], who
manage to retain (.=7) in an axiomatisation of priority.

It seems also worth to include a small historical discussion. Law (.=7) re-
alises a notion of fairness, since it may be used to abstract from a computation
that just consists of internal steps without actually progressing. Koomen [131]
was the first to define a ’fair abstraction rule’ (KFAR) similar to law (.=7).
Bergstra et al. have introduced a weaker version of fair abstraction (WFAR)
that allows to escape from such an internal computation only if an internal
alternative exists [23]. In our setting, a WFAR law can be formulated as

x=TX+17E+F =x=-71.(r.E+F).

Actually, this law can be derived by means of law (.=8) and (L12), i.e.,
{(=8),(L2)}Fx=7X+7E+F =x=7.(l+7.E+F) =x=7.(T.E+ F).

So, one may view Theorem 5.6.1 (and Corollary 5.3.2) as a sound and com-
plete equational theory on CCS (respectively IML) modulo weak congruence
with WFAR instead of KFAR. This variant of weak bisimulation appears al-
ready in the linear time — branching time spectrum IT of R. van Glabbeek [74],
where it is called stable weak bisimulation. Recently, the equational theory
has been extended to the entire lattice of divergence sensitive weak bisimula-
tions of the spectrum [135]. Furthermore, Bravetti has very recently proposed
an interesting revision of the IMC algebra, where KFAR, remains valid [31].

In Section 4.7 we have compared our definition of weak bisimulation with
the one of Rettelbach. We still owe the reader the answer why weak bisimula-
tion (and weak congruence) a 14 Rettelbach is not satisfactory in the context
of an equational theory. The reason is, that the definition of [163] fails to be
a congruence for recursion.

Ezample 5.6.1. Following Rettelbach’s definition and applying the ‘lifting’ ac-
cording to Definition 5.2.3, the two expression 7.X and 7.7.X are equivalent,
while x.= 7.X and x.= 7.7.X are not. The first describes a loop of length one
and is treated different from the latter, a loop of length two. This makes the
congruence property fail for recursion.
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It is hence not reasonable to base an equational theory for IML that accounts
for recursion on the definition of Rettelbach.

Based on the subalgebra IMC_ we have introduced a language to generate
Interactive Markov Chains. The language IMCxx contains further operators,
two of which have appeared before, parallel composition and abstraction. We
have shown that these operators can be encoded into the basic calculus by
means of additional laws. The same is true for the two additional operators
that we have introduced for specific modelling and analysis purposes, time
constraints and symmetric composition. Time constraints are composition-
ally introduced by means of the elapse operator. In fact, this operator is an
instantiation of a more general operator, the ’trap’-operator. This operator
has been brought up by Garavel and Sighireanu as a means to express a gen-
eral exception handling mechanism in LOTOS [68]. The second additional
operator, symmetric composition, has been introduced in [95] and further
studied in [109], as a joint work with Marina Ribaudo. The operator ex-
ploits ideas similar to those developed for SWN [46], for SAN [167], and also
for PEPA [72]. The specific benefits of either of these two operators will be
emphasised in the next chapter, by means of a few case studies.
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In this chapter we use Interactive Markov Chains to investigate some illus-
trative examples and case studies. We first study the effect of symmetric
composition by means of a simple producer—consumer example. In particu-
lar, we compare the growth of the state space to other methods to generate
an aggregated state space. In a second case study, we use IMC to model a
real world application, namely an ordinary telephony system. The constraint
oriented specification of time dependencies will be a central issue. In order to
circumvent state space sizes of more than 10 millions of states we make exces-
sive use of the theoretical properties and concepts achieved so far, and obtain
a Markov chain of manageable size. These two case studies show how perfor-
mance estimation can be based on a Markov chain obtained from a highly
modular and hierarchical IMC specification. A third example will then be
used to highlight some implicit limitations to this approach. In particular,
the issue of nondeterminism will discussed.

6.1 State Space Aggregation by Example

In this section we study the benefits of symmetric composition by means of
an example. In particular, we compare the growth of the state space with
other methods to generate an aggregated state space. We investigate a sim-
ple producer—consumer example, parametric in the number of producers and
consumers. Its structure is depicted in Figure 6.1. Each producer generates
jobs and then delivers them to a buffer, common to all producers. We restrict
the buffer size to five places. The buffer is specified as explained in Section 5.5,
by (non-synchronised) symmetric composition of one-place buffers

Buffers := {5 ! Buffer; }{) where Buffer, := put.get.Buffer;.

Consumers simply take jobs out of the buffer and work on them (with a
certain rate). One of them is given by

Consumer := get.(Awork )-Consumer.

The specification is parametric in the number m of consumers. Since con-
sumers do not interact with each other, we may specify a multiset of m
consumers as follows, using symmetric composition,

H. Hermanns: Interactive Markov Chains, LNCS 2428, pp. 129-154, 2002.
© Springer-Verlag Berlin Heidelberg 2002
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Figure 6.1. A simple producer—consumer example

Consumers,,, := {m ! Consumer}).

Using ordinary parallel composition, the same situation can be specified by!

Consumers,,, := |Consumer Consumer| .

m times

We now turn our attention to the specification of producers. Each producer
generates jobs. To make the example a bit more interesting, the individual
rate for the generation of jobs is assumed to alternate between two different
values. In a high load phase, the rate is smaller, i.e., jobs are generated more
often than in a phase of low load. The change of phase is synchronised between
all producers by a synchronising action c, i.e.,

Producer := (Anigh)-put.Producer + c.Producer_low
Producer_low := (Ajow)-put.Producer + c.Producer.

As with consumers, a parametric specification of a set of producers can be
achieved in two ways, using either symmetric or parallel composition, i.e., by
means of

Producers,, := {n!Producer}{c}, or
Producers,, := Producer © ... = Producer .
n times

Note that all producers synchronise on action c. The synchronous change
of phase between high and low load occurs periodically. For this purpose,
we impose a time constraint between successive actions c. We assume an
exponential distribution with a rather long mean duration, expressed by an
absorbing Markov chain Delay as

! Be reminded that | P Q | abbreviates parallel composition with empty synchro-

nisation set, and that Lemma 5.5.1.2. allows us to avoid bracketing.
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Figure 6.2. Hierarchical structure of the producer-consumer example

b (c,Delay)
Producers,, | 1 Delay where Delay := (Agiow)-0
fc

Note that the time constraint is specified to be active initially, thus interaction
on action c is prohibited until Delay has evolved to 0. The overall structure
of the specification is as follows:

b (c,Delay)
Producers,, | Delay | | put Buffers | gt Consumers,,
fc

Abstraction is used to internalise actions (such as action ¢ and put) as soon
as (from a bottom-up perspective) they are irrelevant for external purposes,
i.e., for further synchronisation.

In Figure 6.2 the specification is depicted for two producers and three
consumers, using symmetric composition. As a graphical representation of
symmetric composition {k! P} A of k identical replicas of a chain P we mark
the states of chain P with the respective multiplicities (inspired by Petri net
notation), i.e., the initial state is initially marked with multiplicity k. Tran-
sitions that have to be performed synchronously by all replicas (because the
action label appears in A) are distinguished by changing the respective ac-
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Figure 6.3. Size of the transition system for increasing n and m

tion label ’a’ to ’@’. Note that Consumer replicas are completely independent
from each other, whereas Producers have to synchronise on c.

In the sequel, we will refer to this specification, where symmetric compo-
sition is applied to producers and consumers, as the symmetric specification.
On the contrary we will call the specification where parallel composition is
applied instead as the traditional specification. From Theorem 5.5.1 it is clear
that both specifications are strongly bisimilar. However, we suppose that the
state space complexity of the symmetric specification is somewhat better,
because many equivalent representations are grouped in the same multisets.

To validate this conjecture we generate the transition system underlying
both specifications, varying the parameters n and m between 1 and 5. For
this purpose, we use the TIPPtool [98]. The result is depicted in Figure 6.3.
Solid lines are used for the traditional specification, dotted for the symmetric
specification. The traditional specification grows truly exponential in both
parameters, from 72 states (n = 1,m = 1) to 93312 states (n = 5,m = 5).
In contrast, symmetric composition leads to a quadratic growth of the state
space, from 72 states to only 1512 states. Note that both transition systems
are strongly and (also weakly) bisimilar.

Using the bisimulation algorithms described in Section 4.5 we can check
whether the state space obtained by symmetric composition can be further
aggregated. Indeed, for strong bisimilarity, no further aggregation can be
achieved, hence the state space is minimal. This is not self-evident, since
our specification is not covered by Theorem 5.5.2: The symmetric composi-



6.1 State Space Aggregation by Example 133

907

801

707

607

507

40

307

201

l\

2

e

P ATy 4 3 2 I
m n
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tion Producers,, is not necessarily minimal, since it involves synchronisation
on action c, and because Producer is not a linear chain, it contains choice
operators.

With respect to weak bisimilarity, further aggregation is possible. Since
interactions are internalised, weak bisimilarity can be used to abstract from
these internal computations (that will take place without delay, due to max-
imal progress). For fixed n and m the minimal transition system (obtained
by partition refinement according to Table 4.3) does not possess any action
transitions at all. The size of this minimal transition system is depicted in
Figure 6.4, it grows quadratically from 16 to 96 states, again varying n and
m between 1 and 5. Since it does not contain action transitions, it directly
corresponds to a lumped Markov chain, and it can be seen as the canonical
representation of the behaviour of the specification.

In general, there are many different ways to reach this canonical repre-
sentation. Since Markov chain analysis is usually facing the infamous state
space explosion problem, our pragmatic concern is simple. We are aiming to
generate the canonical representation as directly as possible, in order to avoid
intractably large intermediate state spaces.

Among the various ways that lead to the canonical representation, we
have, so far, considered two variants of the same way, namely applying the
operational semantics and subsequent partition refinement with respect to
weak bisimilarity. The variants differ in the actual semantics rules used, since
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they rely on parallel, respectively symmetric composition. It turns out that
symmetric composition gets us closer to the canonical representation.

We take the opportunity to discuss other ways to generate a canonical
representation.

— In principle, the preferable way to reach the canonical representation is to
define the semantics in such a way that this semantics directly generates
the canonical representation. In mathematical terms, such a semantics is
called fully abstract with respect to the equivalence under consideration.
But this way is generally infeasible, at least in the context of an operational
semantics where some kind of 'structural’ congruence is anyway required.
Moving to a denotational semantics could potentially solve the problem,
but the price to pay is that the semantics is less suited for an algorithmic
treatment. It is not easy to define the semantics in constructive way in the
presence of recursion [170, 18].

— A feasible way is to improve the operational rules such that the semantics
is not fully abstract, but more abstract than the original one. Partition re-
finement algorithms can then be carried out on a smaller transition system.
In fact, the rules for symmetric composition can be seen as a more abstract
semantics for parallel composition (for the specific case of symmetries). We
will see another example below where improved operational rules lead to
a more abstract semantics.

— Compositional aggregation also avoids large intermediate state spaces. It
exploits substitutivity, by constructing transition systems along the hierar-
chical structure of the specification, interwoven with (partition refinement
based) aggregation steps. As already exemplified in various examples dur-
ing this book, compositional aggregation with respect to weak bisimilarity
allows one to effectively exploit abstraction from internal details.

— An entirely different way to construct the canonical representation is based
on term rewriting. The idea is to transform the specification into a syn-
tactic canonical form in a preprocessing step. Applying the operational
semantics to this canonical form will then directly generate the canonical
representation. The preprocessing step is based on the equational theory
established in Chapter 5. Since the set of laws developed therein is com-
plete, they allow to transform an arbitrary specification into a canonical
form.

In order to get more insight into the differences among these approaches, we
will discuss them in the context of our producer—consumer example.

Improved Operational Rules. In order to evade an unnecessary growth of the
state space, we want to avoid to generate states that are irrelevant with
respect to our notion of equivalence. In other words, we are aiming to encode
our equivalence notion partly into the operational semantics. A complete
encoding is impossible, as discussed above in the context of ’fully abstract’
operational semantics.
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Figure 6.5 shows the state spaces of the producer—consumer example when
a slight improvement is incorporated into the operational semantics. The
improvement encodes mazimal progress, an important aspect of our notion
of (strong and weak) bisimilarity. The fact that internal actions will preempt
the passage of time has been formally established in Lemma 5.3.1 by

(A).P+1.Q =1.Q.

This property ensures that it is not necessary to generate the state space
of (M\).P, because bisimulation algorithms will anyway ignore this branch
in the transition system. Justified by Lemma 5.3.1 we may therefore equip
the operational rules for Markovian transitions of the choice operator '+’
(Table 5.1) with additional premises without affecting the behaviour, but
significantly reducing the size of the state space:

P—>P Qf 0@ P
P+Q—3>P P+Q—2>0Q

The additional premise 75—» inhibits the generation of Markovian tran-
sition in the presence of maximal progress. Be reminded that Q -+ de-
notes that ) does not possess the possibility to internally change to another
behaviour. As a consequence of the expansion law (X) (Table 5.6) we are
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also allowed to include such premises in the operational rules that generate
Markovian transitions of a parallel composition (Table 4.1), and similar with
abstraction, symmetric composition, and time constraints.

Negative premises in operational rule scheme have to be treated carefully
in general, since they may affect well-definedness of the induced transition
relation [85]. In this simple case, however, it is easy to show that the im-
proved rule scheme is still well-defined. Applying the improved rule scheme
to our traditional specification, leads to state spaces that do not grow so
rapidly (between 49 and 9728 states), but still exponentially. The symmetric
specification also profits a lot from the improved rule scheme, it now occupies
between 49 and 317 states. Recall that (for fixed n and m) all the transitions
systems considered so far are equivalent to the canonical representation, the
lumped Markov chain of Figure 6.4.

Compositional Aggregation. Figure 6.6 again compares the state space re-
quirements of both specifications, but now compositional aggregation is ap-
plied to both, with respect to weak bisimilarity (=).

For n = m = 1 compositional aggregation proceeds as follows (note that
traditional and symmetric specification coincide in this case). We generate

bc

the state space of | Producer | 4 | Delay | | that consists of 6 states. Ag-
fc

gregation with respect to ~ leads to an equivalent behaviour, described by
a chain P with 4 states, that can be used instead of the former. In the next

step we generate the state space of [P E Buffers ﬁ (24 states) and af-

terwards aggregate it to, say PB, containing 14 states. Finally, we generate

PB get. Consumer Q (28 states) and aggregate this transition system once

again. The resulting transition system contains 16 states but faithfully de-
scribes the behaviour of the whole system. It is the canonical representation.

We have performed compositional aggregation for both types of our sys-
tem specification, again varying n and m between 1 and 5. With compo-
sitional aggregation, it makes no sense to compare the result of the whole
aggregation procedure (16, in the above case), since the result of the very
last aggregation step is always canonical. In other words, compositional ag-
gregation for traditional as well as symmetric specification produces the re-
sults depicted in Figure 6.4. A proper comparison is based on the maximum
number of (intermediate) states that have to be stored during compositional
generation and aggregation (28, in the above case). This is what is depicted
in Figure 6.6. In this comparison, the symmetric specification (28 to 216) still
behaves slightly better than the traditional specification (28 to 275). Inter-
estingly, an increase of m does not always affect the maximum usage of state
space. This is particularly true for the symmetry exploiting specification, but
also for the traditional description (for small m). This phenomenon is caused
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by the fact that m comes into play in the very last composition step(s), but
former composition steps have already led to larger intermediate state spaces.
Compared to Figure 6.3 the state space (to be stored in memory) is reduced
by several orders of magnitudes due to compositional aggregation.

Term Rewriting. In order to generate the canonical representation of a spec-
ification without generating unnecessary large state spaces, it is possible to
exploit the equational theory developed in Chapter 5 in a preprocessing step.
The idea is to transform the specification into a syntactic canonical form.
The canonical representation directly corresponds to this canonical form and
is obtained by applying the operational semantics. The necessary syntactic
transformations are based on a set of rewrite rules that are used for term
rewriting of the syntax of a specification. Roughly speaking, each rewrite
rule has the form F — F and is obtained from a law F = F' of the equa-
tional theory. The direction of — indicates that £ may be replaced by F,
and it is chosen such that each application of a rewrite rule gets us closer
to the canonical form. Under certain conditions, it is assured that whenever
multiple rewrite rules can be applied to a term, they can be applied in any
order.

This explanation gives a rough idea of the general strategy of term rewrit-
ing. However, in order to apply term rewriting to IMCxxL, many details have
to be addressed. In particular, we have to clarify how the canonical form looks
like, and how to direct the laws in Table 5.5. For regular CCS (Table 5.4),
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the problem has been discussed by Inverardi and Nesi in [121]. They show
that rewriting with respect to weak congruence is possible, but not easy to
implement. In particular the laws (72) and (73) can not be given just one
direction, they have to be applied in either direction, dependent on the con-
text. Their solution to overcome this problem is adaptable to IML without
difficulties.

The work of Inverardi and Nesi only solves the problem for specifications
without any parallelism, time constraints and abstraction. In order to extend
it to the complete language IMCxxL , another preprocessing step is required be-
forehand. This step rewrites the additional operators by means of the laws in
Table 5.6, Table 5.9, and Table 5.11 into the basic language, IMC, . It is quite
straightforward to implement. In this way, it is indeed possible to mechani-
cally transform an arbitrary specification into its canonical form by means of
two preprocessing steps. The first step rewrites the additional operators, the
second implements the rewrite system a 14 Inverardi and Nesi on the basic
calculus.

As a consequence, the generation of unnecessarily large transition systems
can be completely avoided. Unfortunately, this does not imply that the state
space explosion problem is absent in this approach. The explosion problem is
just turned into a ’syntax’ explosion problem, now caused by the first prepro-
cessing step. If the specification contains parallelism, this step expands the
syntactic specification drastically by producing all the different possibilities
of future behaviours syntactically. The usual term ’expansion law’ for law
(X) is quite illustrative.

A possible way out is to interweave both preprocessing steps. This means
that a specification is iteratively expanded and then rewritten according to
the laws of Table 5.5. The general strategy of interweaving both steps works
quite well, and has been applied manually for instance in [99] and [108].
However, its mechanisation has not been tackled so far. A comparison of such
a technique with the ones discussed here is anyway difficult. First, syntactic
rewriting does not produce a state space. Instead, it shrinks and expands the
syntactic specification by applying rewrite rules. It is therefore difficult to
compare storage requirements. In addition, the efficiency of rewriting depends
on the inclusion of derived laws, such as Lemma 5.3.1 and Lemma 5.5.1.
Such laws greatly simplify the effort needed by term rewriting, because they
abbreviate space and time consuming rewriting steps. On the other hand,
the more rules are applicable to a specification the more it is required to
implement a kind of heuristics that governs the application of rewrite rules,
in order to reduce storage requirements, since different (orderings of) rewrite
rule applications can lead to drastically different storage requirements.
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Figure 6.7. The telephony system

6.2 An Application Study: Ernberg’s Ordinary
Telephony System

In this section we use Interactive Markov Chains to investigate an ordinary
telephony system. The constraint-oriented specification of timing information
will be a central issue. In order to obtain a Markov chain representation of
manageable size we make excessive use of the theoretical properties and con-
cepts achieved so far. The core of this case study originates from the Swedish
Institute of Computer Science where it has been studied by P. Ernberg.

The system structure is simple, as depicted in Figure 6.7. Several users are
connected to a telephony network and they can thus phone each other using
the service of the network. In textual terms, the system may be described as
follows:

User; ... User, | Ai,-sAn Provider

where A; is the list of possible interactions between User; and the controlling
unit of the service provider, Provider. We introduce the details of the speci-
fication in four steps. First, we address details of the provider specification,
then we turn our attention to the specification of the users. The next step ex-
plains how time constraints govern the stochastic behaviour of the system. To
complete the specification, we introduce the actual numerical values that will
be used. Finally, the specification is analysed in order to obtain interesting
results characterising the stochastic behaviour of the system.

Provider Specification. The main complexity of this system lies in the con-
trolling unit Provider that is realised by a single IMC. It is responsible for

— checking whether the originator and the recipient of a call are registered
users,

— establishing a connection between originator and recipient,

— handling of various signals:
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— ringing the bell if a call arrives,

— indicating a free line by a ’dial tone’ (dialT) when a (registered) user has
picked up the phone,

— indicating the originator that the recipient’s phone is currently off hook
by means of a 'busy tone’ (busyT),

— indicating the originator with a ’ring tone’ (ringT) that the bell is ringing
at the recipient’s side, and

— indicating with an ’error tone’ (errorT) that it is necessary to hang up
the phone because either an unregistered number has been dialled, or
the connection has been interrupted by the counterpart.

To ensure that all these duties are properly managed is itself a challenge,
regardless of any performance considerations. P. Ernberg has given a speci-
fication of Provider consisting of more than thousand lines of Full LOTOS.
This specification has been used as a common example during the EUCALYP-
TUS project, an European/Canadian project that focused on the elaboration
of a toolset for LOTOS [64]. During this project, 17 requirements have been
formulated to be fulfilled by Ernberg’s specification. The project participants
have shown that these requirements are indeed satisfied by the specification,
using different techniques such as equivalence checking and model check-
ing, that are implemented in the Caesar/Aldebaran Development Package
(CADP) [61, 66].

For our purposes, it is sufficient to know that the Full LOTOS specifica-
tion has been extensively verified and that the semantics of Full LOTOS is
defined in terms of transition systems, or more precise in terms of interac-
tive processes. Since Interactive Markov Chains are a superset of interactive
processes we can directly adopt the transition system generated by Ernberg’s
specification as an IMC Provider of our system.?

User Specification. We focus on the basic model of user interaction, given by
User;. It is depicted in Figure 6.8 (the index 4 is omitted to enhance readabil-
ity), in graphical as well as in textual notation. It restricts the possibilities
of the user to a subset of what is actually possible. For instance, in Ern-
berg’s specification, a user has the possibility to dial an arbitrary number
at an arbitrary system state, even if the phone is on hook. This possibility
reflects a definite property of any real-world telephony system. However, in
order to study performance aspects, we decide to restrict ourselves to those
behavioural patterns that are most likely to have an impact on performance.
In other words, we exclude the possibility to dial a number while the phone is
on hook, since this is negligible with respect to performance issues. Similarly,
we exclude some interaction possibilities that are very unlikely to happen,
such as striking the hook during a running conversation. The reason for such

2 Tt is a tedious exercise to extend the language in Chapter 5 such that it contains
Full LOTOS. Instead we decide to link to Full LOTOS on the level of the transi-
tion system, where the situation is obvious, as expressed by Theorem 4.2.1, since
the semantics of Full LOTOS maps onto interactive processes.
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restrictions is basically the problem of state space explosion that otherwise
would prevent analysis at all.

The specification in Figure 6.8 requires a few explanations, in order to
understand how interaction between users and Provider is realised. Initially,
the user’s phone is on hook. There are three possibilities from this initial
state User.

— The user may either notice the bell start ringing (bell_on), or

— may decide to pick up the phone (offH_out) in order to call someone, thus
starting an outgoing call, or

— may pick up the phone exactly at that point in time where an incoming
call is reaching the phone (offH_in), but just before the bell starts ringing.

Let us first discuss what is happening if an incoming call arrives. When the
bell starts ringing the phone enters a state Ringing. Now, the bell will turn
off (bell_off) either after the user picks up the phone (offH.in), or because no
reaction of the user occurs in time.

In the former case (state Called), the connection to the caller is established
(conn), thus conversation can start, leading to a state Connected. Conversa-
tion may go on until either the user hangs up (onH) the phone thus inducing
that the connection is released (disconn), or disconnection is caused by the
opposite side (or by the service provider itself, possibly). In this case, the user
may either notice an error tone (error_T), or he may simply hang up (onH).

If the user acts as a caller, he picks up the phone, reaching a state Caller.
From this state, there are several possibilities, among them the possibility
to get a dial tone (dialT_on), and dial a number j (dial_j_) reaching a state
Dialled after the dial tone has ceased (dialT_off). If a ring tone occurs, the
state Calling is entered. Again, there are several possibilities, the details are
shown in Figure 6.8. The list A; of possible interactions between User; and
Provider is

dialT_on;, dialT _off;, dial_j_;,

bell_on;, bell_off;, ringT_on,, ringT _off,,
offH_out;, offH_in;, onH;, conn;, disconn;,
busyT_on;, busyT _off,, errorT on;, errorT _off; .

Note that User; (as well as Provider) describes the purely functional be-
haviour, it does not contain any Markovian transition. Indeed, we will now
add timing constraints to this specification, using the elapse operator in-
troduced in Section 5.5. To that end, we study a system consisting of two

subscribers,
User; Usera| A.,A.  Provider .

that are aiming to phone each other, thus action dial_j_; is set to dial_2_q,
and action dial_j_o becomes dial_1_5.
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Time Constraints. Now, we want to specify several delays that have to elapse
between certain interactions. There is, of course, a variety of different choices
where to introduce timing constraints. We consider a specific scenario here,
that turns out to be quite interesting. In total, we add 14 time constraints to
the specification, summarised in Figure 6.9. In this pictorial representation
we have used associativity of the elapse operator, technically justified by
Lemma 5.5.1.5.

— Whenever an existing connection is released, the error tone is raised after
a while, except if the respective user hangs up the phone in the meanwhile.
The delay is governed by ErrorDly, and is imposed for User;, as well as
Users.

— After a user has picked up the phone in order to make a call, it requires
some time (to check whether the user is registered, for instance) before some
tone is raised. The corresponding time constraint is governed by InitDly,
for both User; and Users.

— Establishing a connection (or detecting that no connection can be estab-
lished) requires some time. Thus we impose a delay DialDly between dialling
a number and getting a reaction from the providers side, symmetrically for
both users.

— When noticing a ring tone, User; waits for a connection. He may hang
up the phone after a while, except if a connection has been established
in the meanwhile. The time until hanging up the phone is determined by
WaitDly; . For Usery, a time constraint governed by WaitDly, is imposed in
the same manner.

— Between two phone-calls User; takes a rest, but if the phone rings, he
decides to go and pick up the phone. We let IdleDly; govern the time
that elapses between two phone-calls originated by User;. For Users, the
situation is symmetric, but the delay is given by IdleDly,. Note that we
specify an active time constraint, i.e., initially both users have to wait
before they may pick up the phone.

— If the phone bell starts ringing, User; needs a certain time to reach the
phone, given by PickupDly;. For Usery, the corresponding constraint is
governed by PickupDly,.

— Once a connection is established, User; contributes to the conversation a
certain amount of time, but a disconnection may occur anyway in the mean-
while. The corresponding delay is imposed by a time constraint governed
by SpeakDly; for User;, and similar for Users.

This summarises the major timing constraints we assume to exist. Note
that the time constraints that are due to the provider (InitDly, DialDly, and
ErrorDly) are identical to both users. So, the provider is assumed to be fair
and not to prefer either of the users. On the other hand, those time con-
straints that are caused by the users (SpeakDly;, IdleDly;, PickupDly;, and
WaitDly,) are parametric in the identity of the user. This makes it possible
to incorporate different user profiles.
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Figure 6.9. The time constrained telephony system specification

Time Values. Table 6.1 shows the time values we have used for numerical
analysis of the telephony system specification, listing the mean durations of
each delay. In order to estimate the nature of the distributions involved, we
have included the parameter C'V, the coefficient of variation. This parame-
ter is a measure for the variance exhibited by a distribution. Intuitively, the
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Table 6.1. Time values for the telephony system specification

| [ Usery [ User, | CV type of distribution |

ErrorDly 15 sec 1 exponential
InitDly 2 sec 1 exponential
DialDly 6 sec 0.408 Erlangs

WaitDly 60 sec | 30 sec 1 exponential
SpeakDly 15 min | 5 min 1.5 branching Erlang
IdleDly 60 min | 75 min 0.316  Erlangio
PickupDly 40 sec 10 sec 1 exponential

higher the value of C'V the more the sample values drawn from the distri-
bution differ from each other. For exponential distributions, C'V = 1, while
for deterministic distributions, describing a delay of a fixed length, we have
CV =0.

The profiles of User; and Userp differ with respect to their time values
in a particular manner. We assume that Users is generally reacting quicker
than User;, while User; likes to phone more often and longer than Users.
The majority of delays simply consist of a single exponential phases. DialDly
describes an Erlang distribution, because we assume that the time required
to establish a connection should not exhibit too much variance. On the other
hand, the time of conversation my vary a lot, the variance of the respective
distribution, given by SpeakDly,, should therefore be rather high. We use a
superposition of exponential distributions for this purpose, giving rise to a
so-called branching Erlang distribution [129]. The delays that are imposed
between two successive phone-calls, IdleDly;, are assumed to be governed by
an Erlang distribution with fairly low variances, consisting of ten exponential
phases each.

This concludes the description of the details of the telephony system spec-
ification. We may now apply the operational rules in order to analyse the
specification.

Analysing the Specification. The specification we want to analyse is quite
complex. Therefore, the state space, obtained by means of the operational
semantics, is very large. It consists of more than 10 million states. But it is
weakly bisimilar to an IMC that consists of 720 states. However, this aggrega-
tion is beyond what is computable with contemporary computer assistance.
Indeed we have not even been able to generate the complete state space of
the specification at all. The tools we are employing, TIPPtool [98] and Cae-
sar [67] ran out of memory after generating 0.3, respectively 10.2 million
states. Caesar is one of the ingredients of the CADP toolset.

So, we are going to use compositional aggregation, as exemplified in pre-
vious chapters to tackle this model (and to formally establish the connection
to the aggregated model). Instead of considering the complete specification,
we apply the operational semantics rules to the non-constrained specification,
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Figure 6.10. Probability of being off hook and of being connected for User;

User; Usera| A.,A-  Provider .

Indeed, the state space generated from this specification turns out to be
smaller by one order of magnitude, compared to the original state space. It
consists of 1040529 states and 2527346 transitions. This is still very large
but it can be aggregated, using strong bisimulation, to a state space with
327 states only. To perform this aggregation, we can rely on the algorithm
of Table 2.2, since neither User;, nor Provider give rise to any Markovian
transitions. This is indeed a consequence of the fact that we used a constraint-
oriented style, where time delays are specified separately. (For the aggregation
we used the implementation of Aldebaran [62], another component of the
CADP toolset.)

The reason for the enormous reduction of state space complexity essen-
tially originates from the fact that Ernberg’s LOTOS specification of Provider
uses a variety of data variables to keep track of the current status of each indi-
vidual subscriber. Now, the operational semantics of LOTOS produces differ-
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Figure 6.11. Probability of ringing bell and ring tone at User;

ent states for every (reachable) combination of actual variable assignments,
as it is the case in a real implementation. However, from a behavioural point
of view, many states are equivalent, since they exhibit the same behaviour.
They are therefore equated by strong bisimilarity.

If we let UUP denote the aggregated transition system, we obtain that

4,4, Provider ~ UUP .

As a consequence of Theorem 5.5.3, our time constrained specification of
Figure 6.9 is bisimilar to the specification obtained by imposing the same
time constraints on UUP and subsequent abstraction of A, As. Hence, we
may investigate the latter specification instead. The resulting state space
consists of 10421 transitions and 3215 states, instead of more than 10 million
states, as it was the case for the original specification.

This state space, in turn, can be aggregated once again. It is weakly
bisimilar to a minimal representation consisting of 720 states. Since this ag-
gregation involves both action transitions and Markovian transitions we use
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the algorithm of Table 4.3 for this purpose. This algorithm is implemented in
the TTPPtool (in a prototypical version that does not meet the complexity
result established in Theorem 4.5.3).

So, in order to analyse the behaviour of our time-constrained specification,
we have to analyse an IMC with 720 states. In fact, this IMC does not
contain any action transition. As a consequence, it is a lumped Markov chain.
It is worth to remark that this Markov chain has a highly irregular shape.
Analysis of the chain proceeds as explained in Section 3.4, in order to compute
state probabilities of each of the 720 states. We can compute transient state
probabilities, or since the Markov chain is ergodic, also compute the steady
state probability distribution.

In Figure 6.10 we have depicted some results obtained by means of tran-
sient analysis. The figure shows how the system behaviour converges to an
equilibrium as time progresses. To achieve these plots we have iteratively
calculated the transient state probabilities every 2 minutes of system life
time. The state probabilities are cumulated, using appropriate reward func-
tions (cf. Section 3.4) to obtain interesting measures. The plot shows the
probability that User; has currently picked up the phone, together with the
probability that a speech connection is actually established, which is slightly
less probable. The shape of these plots is mostly governed by our choice of
IdleDlys. The time constraints controlled by these delays are initially active
(cf. Figure 6.9). This initially prohibits that either of the users may pick
up the phone, until some IdleDly has elapsed. If this has occurred (given by
a superposition of two Erlang;o distributions) the probabilities depicted in
Figure 6.10 raise. A first peak is reached after approximately 77 minutes.
The probabilities oscillate for a while, because idle phases and connection
phases alternate. An equilibrium is reached, due to the stochastic perturba-
tion caused by the distributions, especially the branching Erlang distributed
SpeakDlys.

Figure 6.11 shows the probability that User; is noticing a ring tone, re-
spectively a ringing bell. The probabilities are fairly small compared to the
ones in Figure 6.10. The probability of a ringing bell increases later than that
of a ring tone. This is a consequence of the fact that User; (in the mean) is
calling Usery earlier than the other way round. The first attempt to call Users
occurs after roughly 60 minutes. The opposite direction is delayed for about
75 minutes.

In summary, the influence of the time that elapses between two phone
calls is decisive for the transient behaviour of the system. If we change the
distribution of IdleDly such that the variance is increased, the oscillation is
flattened. On the other hand, equilibrium probabilities are not affected signif-
icantly. To study the effect of different distribution is quite easy, due to the
constraint oriented specification style used for time constraints. Of course,
employing different distributions for a time constraint requires that the state
spaces have to be generated again (starting from UUP), since different dis-
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Figure 6.12. External and Internal Nondeterminism

tributions lead to different state spaces. For instance, changing both IdleDlys
to single exponential phases leads to a lumped Markov chain of 351 states.

6.3 Nondeterminism and Underspecification

In the preceding sections of this chapter, as well as in Section 4.6 we have
shown how to use Interactive Markov Chains as compositional means to gen-
erate small Markov chains from complex specifications. It seems necessary to
recapitulate the decisive steps used.

First, it is worth to recall that Interactive Markov Chains are a strict
superset of Markov chains. There are infinitely many IMC that do not belong
to the class of Markov chains. The reason is that one of our core concepts, the
potential of interaction with an environment, is not expressible with Markov
chains.

Ezample 6.3.1. Consider the IMC P = (v).(a. (b.()\).P + c.(u).P), depicted
in Figure 6.12. It is not possible to view this system as a Markov Chain,
since it depends on interaction with the environment when action a, b or c
will actually occur.

Therefore, in order to associate a Markov chain with some IMC specification,
it is always required that the specification does not possess any potential of
interaction with an environment. For this purpose, we rely on abstraction. We
can completely internalise the interaction potential of an IMC by means of the
abstraction operator. This is a prerequisite in order to determine a Markov
chain that represents the behaviour of the specification. The reader is invited
to verify that whenever we have generated a Markov chain somewhere in
this book, we have used abstraction of all relevant actions as the outermost
operator. This is necessary, but unfortunately not sufficient to determine a
Markov chain.

Example 6.3.2. Consider the above chain P. Using abstraction as the out-
ermost operator we obtain a chain - It is depicted in Figure 6.12.
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Figure 6.13. Weak bisimilarity may, or may not eliminate nondeterminism

Now, all actions are internalised. Anyhow, from a stochastic point of view,
the behaviour is not completely determined: the decision between the left and
the right branch of the choice is nondeterministic.

In the examples and case studies we have investigated so far, it has always
been the case that a final application of weak bisimilarity led to an IMC
without any action transition, and hence it was a Markov chain. For the
above example, this property cannot be guaranteed.

Ezample 6.53.3. Aggregation with respect to weak bisimilarity does not elimi-
nate all (internal) action transitions from . Instead, it results in the
IMC @Q depicted in Figure 6.13. So, due to nondeterminism, the stochastic
process to be associated with this IMC' is underspecified. This evaluation im-
plicitly assumes that the rates A and p are distinct values. If, on the other
hand, we have X\ = p the situation is different, since the states reached by
means of internal steps turn out to be bisimilar. Thus the nondeterministic
choice is not a decisive one, since any outcome of this choice leads into the
same class of behaviours. Hence, aggregating - with respect to weak
bisimilarity removes action transitions and nondeterminism. The resulting
Markov chain R s depicted in Figure 6.13.

This example provides some insight into the subtle influence of nondeter-
minism. In fact, the presence of nondeterminism may hamper a stochastic
analysis of many Interactive Markov Chains. On the other hand, a wide
range of IMC can be transformed into a Markov chain by applying weak
bisimilarity after abstraction of all interactions. From a performance analysis
perspective, the issue of nondeterminism may seem as the price to pay for
the nice properties enjoyed by IMC. Indeed, the presence of nondetermin-
ism is a direct consequence of our decision to separate delays from actions,
taken in Section 4.1. As explained therein, the notion of nondeterminism is
essential for process algebra in general. We have classified different important
concepts expressible by means of nondeterminism: the possibility to express
implementation freedom, scheduling freedom, and influence of an external
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Figure 6.14. Internal nondeterminism due to auto-concurrency

environment. In particular, the use of nondeterministic interleaving to repre-
sent scheduling freedom avoids the shortcomings observed in other Markovian
process algebras’ parallel composition.

So, nondeterminism is a substantial concept for Interactive Markov
Chains. However, the question arises how to associate a stochastic process (a
Markov chain) to an IMC that contains nondeterminism. A stochastic process
does not exhibit nondeterministic behaviour, since each possible behaviour
at any point in time has a certain, unique, probability. Indeed, weak bisim-
ilarity may eliminate nondeterminism, but it does not necessarily eliminate
all nondeterminism.?

Let us fix some terminology. For a given transition system, we say that a
state is a nondeterministic state whenever several action transitions emanate
this state. The action labels of these transition may, or may not be different
from each other. If at least one action label differs from all the others, we
call this situation ezternal nondeterminism. Otherwise, if each action label
occurs at least twice, we call it internal nondeterminism.

Ezample 6.53.4. Figure 2.1 already contains examples for internal and ex-
ternal nondeterminism, in Fo. The IMC P in Figure 6.12 contains ex-
ternal nondeterminism, while - has an internally nondeterminis-
tic state. Another example where internal nondeterminism is present is

[2.(1).0 a.(p).0
not arise from a choice operator, but from a phenomenon usually called auto-
concurrency. Two actions compete for synchronisation, and hence there is an
implicit, internal nondeterministic choice about which process will succeed in
the competition.

3 a.0, depicted in Figure 6.14. Here, nondeterminism does

Note that internal nondeterminism is not bound to internal actions. The
important difference between external and internal nondeterminism is that

3 Due to the presence of nondeterminism, IMC can be viewed as a variant of
continuous-time Markov decision processes [118, 161].
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Figure 6.15. Resolving external nondeterminism

external nondeterminism can be resolved by means of some external influ-
ence. On the contrary, internal nondeterminism is effectively out of control of
the environment, there is always a decision between branches with the same
action label to be taken locally, by the IMC under consideration.

Ezample 6.3.5. Figure 6.15 shows the result of parallel composition P < 0.
The external nondeterminism in P is influenced by requiring a synchronisa-
tion on action ¢ with the terminated chain O that will prevent occurrence of
action c. As a consequence, the nondeterminism in P has been resolved by
some (rather destructive) external influence. As another example, one may
resolve_nondeterminism by adding a time constraint on action c, such as
ba
P lab | (5)-0] (cf. Figure 6.15). In both cases, we obtain the Markov chain
fc
R of Figure 6.13 after abstraction and factoring with respect to weak bisim-
ilarity. For the time-constrained example, this is a consequence of maximal
Progress.

Internal nondeterminism remains unresolved by such external influences,
since the latter affects transitions with the same label in the same way. Thus
whenever internal nondeterminism is faced, the only thing that we can hope
is that (after abstraction) the subsequent behaviours are equivalent, because
then weak bisimilarity will eliminate the nondeterministic state. Otherwise,
the specification is underspecified from a stochastic point of view.

In order to avoid nondeterminism in general, one may resort to a rigorous
solution. The simplest way to get rid of nondeterminism is to rule it out
by imposing syntactic constraints. To rule out any nondeterminism requires
severe restrictions [139]: The choice operator has to be excluded and parallel
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composition has to proceed completely synchronously (with respect to action
transitions). Clearly, this restrict the applicability of the approach.

Since internal nondeterminism is more difficult to cope with, compared
to external nondeterminism, one may whish to rule out just internal nonde-
terminism. This requires weaker syntactic restrictions: The choice operator
can be used with some restrictions that avoid expressions like a.P + a.Q,
and parallel composition has to be changed to what is known as CSP-style
synchronisation [116], in order to rule out auto-concurrency (cf. Figure 6.12).
In CSP-style synchronisation, parallel components are forced to interact on
all their common actions. Unfortunately, abstraction does not preserve the
absence of internal nondeterminism, as exemplified in Figure 6.12. Hence,
apart from trivial cases, our general approach to generate a Markov chain is
not applicable, because it substantially relies on the use of abstraction (and
subsequent application of weak bisimilarity).

As a consequence, we do not believe that it is wise to impose syntactic
restrictions on IMCxx in order to ensure that each expressible IMC possesses
a directly corresponding Markov chain. We take the view that whenever the
IMC generated from a specification contains nondeterminism, then this truly
reflects what the specification is supposed to express, namely an underspec-
ified stochastic process. Based on this viewpoint there is still a way to cope
with underspecified stochastic processes. Inspired by Vardi, Hansson, and
others [183, 87, 118, 161, 19] we may employ the notion of a scheduler in
order to determinate an underspecified stochastic process. This scheduler re-
solves nondeterminism a posteriori. The stochastic process associated to an
IMC is thus parametrised with a specific scheduler. Technically, a scheduler
is a function that for any state determines the next transition to be exe-
cuted, taking into account the history of the system. As e.g. in Segala’s work,
a scheduler may decide probabilistically [171], scheduling certain transitions
with a certain probabilities. Performance and dependability results are then
either conditioned on a particular scheduler, or they are obtained as the min-
imal and/or maximal measures derivable for a set of allowed scheduler. We
believe that the concept of schedulers is worth to be studied in depth in the
context of IMC.

6.4 Discussion

In this chapter we have discussed how Interactive Markov Chains can be
employed in practice. We have focused on the question how to generate a
(small) Markov chain from a (complex) compositional IMC specification. We
only gave a partial answer to the question, because IMC are more expressive
than Markov chains. This additional expressiveness comes with the ability to
express the potential of interaction, and to express nondeterminism among
different interactions. Due to the presence of nondeterminism, IMC can be
viewed as a variant of continuous-time Markov decision processes [118, 161].
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Apart from the issue of nondeterminism, we have tried to show that IMC
can be successfully used to specify and analyse systems of high complexity.
The ordinary telephony system is one such example. The lumped Markov
chain associated with this system is of a modest size (720 states), but it has
a highly irregular shape, and we doubt that it is possible to generate this
Markov chain by hand — or by any other formalism. The specification (taken
from the Eucalyptus project) is quite involved, and a nice example why pro-
cess algebra in general is advantageous when dealing with complex scenar-
ios. Furthermore, the benefits of a constraint-oriented specification of timing
dependencies have become obvious. The state space of the time-constrained
specification is beyond what our computer assistance is able to manage. Any-
how, we have been able to generate the lumped Markov chain by means
of compositional aggregation. Besides our own tool prototype, the TIPP-
tool [98], we used Caesar [67] for generating some of the intermediate state
spaces, and Aldebaran [62] for the initial aggregation step. The study of the
telephony system is joint work with Joost-Pieter Katoen [101].

The TIPPtool has also been used to study the producer—consumer ex-
ample. This example illustrated how an increasing number of parallel com-
ponents leads to an exponential blow-up of the state space. If symmetric
composition is used instead of parallel composition, this exponential blow-up
is reduced to a quadratic growth. We have also compared other approaches
to evade the state space explosion problem by means of this example.

— We have shown that a slight improvement of the operational rules drasti-
cally reduces the state space complexity. This improvement basically en-
codes maximal progress into the rules.

— Once again, the benefits of compositional aggregation, have become ob-
vious. Compositional aggregation can alleviate the state space explosion
considerably.

— We have briefly sketched a term rewriting approach in order to avoid state
space explosion. This approach has already been used in [99] and [108].
However, it is due to our completeness result (Theorem 5.5.4) that we can
assure to be able to rewrite arbitrary expressions successfully.

The practical considerations in this chapter have been complemented with
a discussion of nondeterminism in the context of IMC. We have seen that
(internal) nondeterminism is a phenomenon that hampers the association of
a Markov chain with IMC in general. IMC that ’suffer’ from nondetermin-
ism do not possess a unique stochastic interpretation, the Markov chain is
underspecified. We have proposed different possible ways to overcome this
problem.



7. Conclusion

This chapter gives a retrospective view on the main contributions of this
book. It summarises the major building blocks of compositional performance
and dependability estimation with Interactive Markov Chains, and addresses
the general question whether the challenge of compositional performance and
dependability estimation has been met. In addition, we point out relevant
directions for further work.

7.1 Major Achievements

In this book we have addressed the issue of compositional specification and
analysis of continuous-time Markov chains. In Chapter 2 and Chapter 3 we
have introduced the basics of process algebra, respectively Markov chains.
Chapter 4 integrates these two antipodes in a single formalism, Interactive
Markov Chains. The ideas behind IMC are substantially different from other
existing approaches to compositional Markov chain generation. Due to a de-
liberate decision to separate delays from actions we avoid their shortcomings
in the definition of synchronisation. The interrelation of delays and actions
is governed by the notion of maximal progress: Internal actions are executed
without letting time pass, while external actions are not.

IMC is more than ’yet another’ formalism to describe Markov chains. This
claim is substantiated by the results achieved in Chapter 5 and Chapter 6. A
sound and complete axiomatisation for strong bisimilarity and weak congru-
ence has been given for the core calculus IMC, as well as for the specification
language IMCxxp. As highlighted in Section 5.6, our axiomatic treatment of
maximal progress solves an open problem for timed process calculi in gen-
eral, and can be adapted to solve similar problems for process calculi with
priorities.

These theoretical results have been complemented by investigations about
the practicability and benefits of the approach. For this purpose, we have de-
scribed efficient partition refinement based algorithms to compute strong and
weak bisimilarity on IMC. We have shown that the algorithmic complexity of
these relations does not increase, when moving from non-stochastic process
algebra to IMC (cf. Section 4.5). It is important to note that non-stochastic
process algebra forms a proper sub-algebra of IMC, obtained by omitting
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delay prefix. On the other hand, by disallowing action prefix we obtain a
sub-algebra of continuous-time Markov chains. On this sub-algebra, strong
and weak bisimilarity, and also weak congruence, coincide with the notion of
lumpability. As a side result, we have presented a fast algorithm to compute
the best possible lumping of a given Markov chain (cf. Section 3.7).

The above algorithms have been successfully applied to aggregate IMC,
by factoring the state space with respect to strong and weak bisimilarity.
Due to the substitutivity property, we have been able to establish a composi-
tional aggregation strategy. By means of several examples, we have seen that
compositional aggregation can alleviate the infamous state space explosion
problem substantially. Among others, we have applied compositional aggre-
gation to attack state spaces of several millions of states, as in the ordinary
telephony system case study (cf. Section 6.2).

In addition, we have discussed further means to avoid large state spaces
and to enhance specification convenience. Section 6.1 has shown how sym-
metric composition reduces an exponential blow-up to a quadratic growth
of the state space, if identical components are contained in a specification.
In order to support a compositional specification style, we have introduced
the elapse operator. With this operator, time constraints can be specified in
a constraint-oriented style. Each time constraint can be governed by some
arbitrary phase-type distributed delay.

7.2 Has the Challenge Been Met?

Interactive Markov Chains can be used to specify complex dependencies com-
positionally, and to analyse their properties by transformation into Markov
chains. From a performance engineering perspective, the most important
question is whether complex IMC specifications can be transformed efficiently
into small Markov chains. The examples we investigated suggest a positive
answer to this questions. However, we have pointed out in Section 6.3 that
this result can only be a partial answer, due to the fact that Markov chains
are less expressive than IMC. The additional expressiveness of IMC comes
with the ability to express the potential of interaction, and to express non-
determinism among different interactions.

In order to eliminate nondeterminism (and to aggregate the state space)
we have developed a general recipe leading from an IMC specification to a
Markov chain. We summarise the main steps:

1. The first step consists of developing a specification of the system under
investigation, using the composition operators provided by IMCxx.. One
may start from an existing interactive process (obtained, for instance,
from a Statechart, SDL, Promela, or LOTOS specification), and enrich
the specification by incorporating time constraints. The elapse operator
is convenient to use for this purpose.
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2. In order to transform the system into a Markov chain, a second step is
mandatory, namely abstraction of all actions.

3. After generating the state space, weak bisimilarity is applied in order to
aggregate the state space, to eliminate action transitions, and to remove
nondeterminism. This aggregation step is preferably done composition-
ally, in order to circumvent the state space explosion problem. Of course,
other strategies can be applied as well, such as the term rewriting ap-
proach sketched in Section 6.1.

4. If the aggregated, minimal transition system does not contain action
transitions, it corresponds to a lumped Markov chain. Analysis can start
as briefly outlined in Section 3.4.

5. If the minimal transition system still contains action transitions the
stochastic process is underspecified. Assuming that this result is not in-
tended, it indicates that the specification contains an error. Hence, one
has to return to the specification step (1.). If underspecification is caused
by external nondeterminism, the specification can be changed by incorpo-
rating an external influence that resolves nondeterminism. The interpre-
tation of the resulting Markov chain should then be conditioned on this
external influence. Internal nondeterminism is a more severe problem, it
requires a detailed analysis of the specification, cf. Section 6.3.

Nondeterminism is one of the vital ingredients of IMC, though it appears as
an additional hurdle when it comes to performance estimation. As already
pointed out in Chapter 1 (and illustrated in Figure 1.1), this hurdle is not an
artifact, it reflects that many system designs behave nondeterministically at a
certain level of abstraction, unless all relevant information is specified. Since
IMCxxL can be straightforwardly extended to a full specification language, the
means to specify the necessary information are at hand.

It is worth to mention that the above recipe has become a substantial
part of the TIPPtool [98]. Recently, also the CADP toolset [61, 66] has been
augmented with efficient algorithms for state space generation, aggregation
and Markov chain analysis, in order to support performance and depend-
ability estimation with IMC [65]. This extension substantially improves the
effectiveness of the IMC approach in practice. CADP is an industrial strength
verification environment, originally focused on functional modelling and ver-
ification®.

7.3 The Challenge Continues

While the main focus of this work is on compositional generation and ag-
gregation of Markov chains, it has fallen somewhat short with respect to
exploiting compositionality in the numerical analysis process. In the mean-
while, substantial work in this direction has been undertaken, for instance,

! http://www.inrialpes.fr/vasy/cadp/.
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by Mertsiotakis [139] and by Bohnenkamp|[28], in contexts that are readily
applicable within the IMC framework, and more inspiring contributions can
be foreseen in this area in the future.

Our approach to a compositional generation of Markov chains is driven
by experiences with the first generation of stochastic process algebras, in
particular TIPP [79], PEPA [114], and EMPA [25]. While the IMC approach
has exploited the lessons learned thereof, the next generation of stochas-
tic process algebras has already appeared in the literature. They aim to
break the limitations that are due to the restriction to exponential distri-
butions [111, 160, 56, 34, 36]. Our approach also contributes to these efforts,
since time constraints can be arbitrarily phase-type distributed. More foun-
dational approaches broaden the class of stochastic processes to be generated
beyond Markov chains, for instance to the class of Generalised Semi Markov
Processes (GSMPs) [174].

In this context, we are particularly enthusiastic about the algebra ¢ of
D’Argenio [54, 56] and IGSMP of Bravetti [32, 36], not least because these
approaches follow a spirit very similar to IMC. Though conceptually different,
both algebras separate delays and actions. They even go a step further, in or-
der to achieve support for non-Markovian distributions: Instead of a two-way
split, both are based on a three-way split where delays are again separated
into explicit initialisation and termination. In this way, concurrently running
delays can be interleaved. As long as the Markov property holds, this does not
provide benefits. But when moving to non-Markovian distributions a three-
way split turns into a key for an elegant interleaving semantics. The work of
Bravetti is of independent interest since it contains a valuable extension of
IMC with weighted probabilistic choice, aside the main work on IGSMP [32].

It should however be mentioned that numerical analysis of GSMPs is
computationally expensive. Thus one usually resorts to discrete-event simu-
lation. On the other hand, numerical analysis is still feasible if some syntac-
tical restrictions are imposed on the stochastic process algebra allowing for
non-Markovian distributions. Herzog has outlined this approach in [111] pro-
viding a semantics that maps onto aperiodic stochastic graph models. In the
absence of nondeterminism, performance estimates can be obtained efficiently
by means of discretisation of distributions [90, 165]. The problems faced in
the presence of nondeterminism are akin to those occuring in the context
of IMC (and @ as well as IGSMP). Possibly, some of the solutions devel-
oped within this book are valuable. Of course, the potential benefits are of a
more speculative nature, since stochastic graph models are non-interleaving
models, closely resembling stochastic event structure models [126].

Finally, we remark that this book has focused on the specification of
models, while it has mostly neglected an important related issue, namely
the specification of requirements the model should satisfy, such as particu-
lar stochastic timed properties. A usable methodology should however cover
both aspects (at least we think so). In the setting described here, proper-
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ties of a specification are evaluated via the calculation of state probabilities.
The interpretation of these probabilities by means of reward functions (cf.
Section 3.4) is not easy, because the behavioural view is lost on the level
of the Markov chain. We do prefer a model checking approach to this prob-
lem, where requirements are expressed in terms of a temporal logics [48].
For CTMCs, such an approach has recently been developed [9, 17, 15, 103],
and is implemented in tools such as E —MC? [102]. However, to make model
checking usable together with IMC in its full generality requires to address
nondeterminism in the model checking algorithm. In this context the work
of de Alfaro [5, 6], is particularly promising. It allows, at least in principle,
model checking of IMC-like models with respect to long-run performance
properties.



A. Proofs for Chapter 3 and Chapter 4

A.1 Theorem 3.6.1

The algorithm of Table 3.1 computes Markovian bisimilarity on S. It can be
implemented with a time complexity of O(m,, logn) where m,, is the number
of Markovian transitions and n is the number of states. The space complexity
of this implementation is O(m,,).

Sketch of Proof. Correctness: For any partitioning Part, Refine(Part,a,C)
is finer than Part. In addition, Re fine(Part,a, C) is coarser than S/ ~ if
Part is coarser than S/ ~. If the set Spl is empty and Part is coarser than
S/ ~, then Part coincides with S/ ~. The algorithm is correct because
the initial partition is coarser than S/ ~. It terminates because no splitter
is processed twice and the number of possible splitters is bounded.

Complexity: As mentioned in Section 2.3, Paige and Tarjan [154] describe an
implementation of the general algorithm to compute strong bisimilarity
on interactive processes (Table 2.2). The time complexity is O(m, logn)
and space complexity is O(m,).

The central idea of the algorithm is an adaption of the 'process the smaller
half’ algorithm [2]. The basic observation is that, if some class is split
into (at least) two new classes, one of them has at most half the size
of the original class. In further refinement steps, only the smaller half is
used as a splitter, and refinement with respect to the larger one is done
implicitly. In this way, each state P appears in at most logn + 1 different
splitters used during refinement.

This strategy can be adopted to our scenario because of the following
reasons. Assume that Part’ is the result of refining a partitioning Part
with respect to a splitter C. In other words, Part’ = M_Refine(Part,C).
Then any Part” that is finer than Part’ will not be refined further when
applying M_Refine(Part”,C). Assume now that class C' is for some rea-
son split into C; and Cs. Now, we would have to refine Part” with respect
to both, Cy and Cs.

However, if we remember the values of «,, (P, C) for each P (that we have
indeed computed earlier, during computation of M_Refine(Part,C)), we
can convince ourselves that refining with respect to one of the classes is
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sufficient. The reason is that v, (P,C) = v, (P,C1) + vy (P, C2). So, if
we split a class X according to the values 7, (-, C2), this is the same as
splitting with respect to 7,,(-, C1), since we have ensured before that all
values 7, (-, C) are the same for states contained in class X.

Thus, only refinement with respect to the smaller class is required, refine-
ment with respect to the larger will not lead to further refinement. If C' is
refined into more classes than just C; and C5, the same reasoning applies
in order to avoid to refine with respect to one of the largest classes. In
this way we can assure that each state P appears in at most logn + 1
different splitters used during refinement.

The overall time bound of Paige and Tarjan, O(m, logn), is obtained by
summing over all splitters and all states in these splitters, together with
an estimation of the time consumption of a refinement step. They show
that a refinement step with respect to a splitter (a, C') can be computed
in O(|C| + |pre,(C)]) time, where pre,(C) is the set of a-transitions that
lead into the class C, i.e., {P ——> P'|P' € C}.1

To get the same complexity result is not straightforward, since we fail
to show that in our setting a refinement step with respect to a splitter
C' requires the corresponding O(|C| + |pre(C)|) time, where pre(C) =

{P Y | P" € C'}. The crucial detail is that we need to sort the results
of the real valued function +,, in order to group states with the same
value. Using some form of binary search tree, this extra sorting gives an
extra logarithmic overhead, resulting in O(|C| + |pre(C)|log(|pre(C)]))
time requirement to split C'. This approach thus leads to an overall time
complexity bound of O(m,, log®n).

The bound can however be improved to O(m,, logn) by resorting to stat-
ically optimal trees, e.g. to splay trees [179]. The crucial step is to show
that the cumulated sorting effort that is needed in the entire refinement
is of order O(nlogn). To establish this property, assume that during the
entire refinement algorithm a state s is involved in j refinements; i.e., it is
moved from larger partitions into smaller partitions j times, and assume
mo > my > ... > m; being the size of these partitions. By breaking
the static optimality theorem [179] over the individual accesses to states,
we obtain that when s is moved into a smaller partition the i-th time,
it takes O(logm;_1 — logm;) amortised time to determine the partition
— plus some linear overhead that in total costs O(m,, logn) time. Ex-
cluding the overhead and taking the sum over all moves needed for state
s we obtain a bound O(logmg — logm;) for the effort related to state
s, which is bounded by O(logn). Summing over all n states, we obtain
O(nlogn) for the overall sorting, from which the overall time complexity
O(m,, logn) follows. We refer to [59] for a detailed proof.

! To be precise, Paige and Tarjan consider unlabelled transition relations, thus the
label a is not required.

H. Hermanns: Interactive Markov Chains, LNCS 2428, pp. 162-217, 2002.
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A.2 Theorem 4.3.1

Strong bisimilarity is substitutive with respect to parallel composition and
abstraction, i.e.,

P ~ P, implies P,3i-a. Py ~ P,3r.an P3,
P ~ P, implies P3;3ar—a. P, ~ P3ar-an Py,

Pro~ Py implies | P g ~ (P o

Sketch of Proof. The proof is not difficult. We include a sketch of it in or-
der to highlight a general proof strategy that will re-appear in various later
proofs. It exploits the coinductive definition of bisimilarity. In order to show
the first two implications, let aj ...a, be some actions and assume P; ~ P,
i.e., there is some strong bisimulation B containing the pair (P;, P»). For an
arbitrary IMC P3 we have to show that P; a1..a. P3 ~ P, ai..a. P3. Accord-
ing to Definition 4.3.1 it is sufficient to show that a strong bisimulation B’
exists containing the pair (P; 3i-an P3, P ai—an P3). The relation

S

B/ = {(P/ ai...an P”/’P” a1...a Pm> | P/BPN A PN/ c Sall} U ﬁsall

contains this pair. B’ is an equivalence relation, because it is reflexive and
because B is transitive and symmetric. In addition, by means of a detailed
case analysis, it can be proven that B’ satisfies (i) and (ii) of Definition 4.3.1.
Verifying the second implication of this theorem is completely analogous,
using a relation

since parallel composition (Definition 4.2.2) is symmetric. The proof of the
third implication proceeds similarly, but uses a relation

B = {(\i’m [P o) | P’BP”} U Tdgan.

E]

P/,Pm ai...an P”) | P'BP'"ANP" ¢ Sall} U Zdgan,

A.3 Theorem 4.3.2

Two interactive processes are strongly bisimilar according to Definition 4.3.1
if and only if they are strongly bisimilar according to Definition 2.2.2.

Two Markovian Chains are strongly bisimilar according to Definition 4.3.1
if and only if they are Markovian bisimilar according to Definition 3.5.1.



164 A. Proofs for Chapter 3 and Chapter 4

Proof. For interactive processes, —i— is empty. Then the second clause of
Definition 4.3.1 follows from the first. The first clause in turn is equivalent
to what is expressed in Lemma 2.2.2 and hence to Definition 2.2.2.

For Markovian chains, — is empty. In this case, the first clause is irrele-
vant and, since all states are stable, the second clause directly reduces to the
constraints on +,, required in Definition 3.5.1.

A.4 Lemma 4.4.2

An equivalence relation € on S is a weak bisimulation iff P € Q implies
for all a € Act and for all equivalence classes C' of &,

1. P—> P’ implies Q == Q' for some Q' with P’ £ Q’,
2. P/ implies Yu (P, C) =7, (Q",C) for some Q" £ such that Q ==
Q" and PEQ".

Proof. We have to show that an equivalence relation & satisfying this lemma
also satisfies Definition 4.4.1, and vice versa.

Take an arbitrary pair (P, Q) € £. To begin with, the first condition of
Definition 4.4.1 directly implies the first clause of Lemma 4.4.2. The converse
direction is shown by tracing the weak transition P == P’ stepwise. (The
equivalence of these two clauses is indeed a well known property for non-
stochastic weak bisimulation).

In order to show that the respective second clauses are interchangeable,
we first point out that C7 is a (disjoint) union of equivalence classes of & if
C is a class of &£.

We then proceed and verify that the second clause of Definition 4.4.1 fol-
lows from Lemma 4.4.2. Choose an equivalence class C' and assume P == P’
and P’ 7LT—> By means of the first clause of Lemma 4.4.2 (applied iteratively,
see above) we obtain that Q == Q' such that P’£Q’. We deduce from the
second clause of Lemma 4.4.2 (since P’ 7LT—>) that Q' == Q" for some Q" £
and that P'£Q". As a whole, we have Q == Q".

Thus, in order to prove the implication, it remains to be shown that
(P, CT) =4, (Q",C7) for an arbitrary class C of €. Since C7 is a union
of equivalence classes of &, it is sufficient to show that for all classes D of
E, (P, D) =~,(Q",D). This is indeed the case, because of the following
property: We know that P'£Q" and that both P’ and Q" are stable. Thus
Lemma 4.4.2 says that for all equivalence classes D of £ there is a stable state
Q" reachable from )" by means of internal transitions such that ~,, (P’, D) =
Y (Q", D). But since Q" £ Q" coincides with Q" independent of the
actual class D.

We continue the proof by verifying that the second clause of Lemma 4.4.2
is a consequence of Definition 4.4.1. Assume that P 7LT—> This implies (by
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Definition 4.4.1) that there is some stable state Q" such that @ Q"
and for an arbitrary class £ it holds that ~,,(P’,C"™) = 7,,(Q"”,C™). In order
to complete the proof, we will first show that Q”EP and then derive that
Y (P, D) = 7,(Q", D) holds for an arbitrary class D. (The latter property
is slightly stronger than required because the universal quantifier over D
appears inside the existential quantifier over Q”, while Lemma 4.4.2 requires
merely the reversed ordering of quantifiers).

In order to derive Q”EP note that Q == Q" implies that there is some
P" such that P == P and P"£Q", because & satisfies Definition 4.4.1 and
PEQ by assumption. But since we know P A, P” coincides with P and
hence Q"EP.

The only remaining requirement to complete the proof is to show
Yu (P, D) = 7,(Q", D) for an arbitrary class D of £. We show the required
result by an induction on the number of equivalence classes subsumed by
D7. Let n denote this number, where n = 0 is impossible, since D7 at least
includes D. If n = 1, D™ = D and the result is immediate. Now assume
that v, (P,D") = 7, (Q", D’) holds for all those D’ where D' subsumes at
most n equivalence classes of £. Assume that D™ subsumes n + 1 equivalence
classes, but that v,, (P, D) = v,,(Q", D) does not hold (heading for a contra-
diction). Lemma 4.4.2 implies v,, (P, D7) = 7,,(Q",D™). We may split the
computation of v,, into a sum over disjoint sets. Specifically,

Tm (P,D7) = Z Tm (P, D/) = Z Tm (Qﬂv D/) = ’YM(QNa D).

D'CDT D'CDT

p'esally/e p'esall e

Since we have assumed ~,, (P, D) # 7,,(Q", D) we deduce

Z (P, D) # Z T (Q", D)

D'CDT D'CDT
p'esall/e p'esall e
D'#D D'#D

Be reminded that the induction hypothesis has been that whenever D’" sub-
sumes less than n 4+ 1 equivalence classes we already know that +,,(P, D’) =
Y (Q", D).

This means that there has to be at least one class D" subsumed by D
where D" subsumes at least n + 1 equivalence classes. Since, by definition,
D"" C DT and D C D™ but D € D"", D has to subsume at least n+2 equiv-
alence classes. This completes the proof of Lemma 4.4.2 with a contradiction,
since we have assumed that D subsumes n + 1 classes.
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A.5 Theorem 4.4.1

Weak bisimilarity is substitutive with respect to parallel composition and ab-
straction, 1i.e.,

P1 ~ P2 implies P1 a1...an Pg ~ P2 a1...an P3,

P ~ P, implies P3aia. P, ~ P33ai.a. Py,

Po~ Proimplies [P pen ~ |7 -

Sketch of Proof. The proof follows the lines of the strong bisimulation proof
(Theorem 4.3.1). In each of the respective three cases, relation B’ appearing
therein can be shown to satisfy Lemma 4.4.2 if B is a weak rather than a
strong bisimulation.

A.6 Theorem 4.4.2

Two interactive processes are weakly bisimilar according to Definition 4.4.1
if and only if they are weakly bisimilar according to Definition 2.2.5.

Two Markovian Chains are weakly bisimilar according to Definition 4.4.1
if and only if they are Markovian bisimilar according to Definition 3.5.1.

Sketch of Proof. For interactive processes, —i> is empty and therefore the
second clause of Definition 4.4.1 trivially follows from the first. This clause, in
turn, is equivalent to Definition 2.2.5 apart from the fact that this definition
does not presuppose that a weak bisimulation is an equivalence relation. As
in the strong bisimulation case (Lemma 2.2.2) it can be easily shown that
this does not affect the union of all weak bisimulations, weak bisimilarity.

For Markovian chains, — is empty. In this case, the first clause is irrele-
vant and, since all states are stable, the second clause directly reduces to the
constraints on v,, required in Definition 3.5.1.

A.7 Theorem 4.5.1

Let P be an IMC with finite (reachable) state space S. Strong bisimilarity on
S is the unique fixed-point of
- 0 = S xS.

— —kt1 ==k N Ey
where (P, Q') € E, iff (Va€ Act) (WVC € S/_,)
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(1) 76 (P',a,C) =7,(Q",a,C),
(i5) if P' > and Q' £+, then v, (P',C) = ~,(Q’,C).

Proof. We have to show

— that each — is an equivalence relation,
— that a unique fixed-point exists, and
— that this fixed-point coincides with strong bisimilarity.

We first show, by induction, that each — is an equivalence relation. The
initial relation — is a trivial equivalence relation. Now assume that — also
is. Then 41 contains the identity relation on S, since for each P’ € S the
pair (P’, P') (trivially) satisfies condition (¢) and (i7). —p4+1 is symmetric,
since “—}, is and because by construction Ej, is symmetric. So, only transitivity
remains to be verified. Assume that (P',Q’) € Ej and (Q',R) € E;,. We
have to check whether also (P’, R’) € Ej. From transitivity of equality on
boolean values it follows that v, (P’,a,C) = v, (R',a,C), for each a € Act
and C € S/_,. Hence, only (ii) remains to be checked. If all three states are
stable, v, (P’,C) = v, (R, C) follows (again) from transitivity of equality (on
real values). If otherwise P’ or R’ are unstable, nothing has to be checked.
So the only remaining case is that P’ and R’ are stable while Q' is not. But
this case is impossible since (P, Q') € Ej, which (due to (¢)) implies that
Yo (P, 71,8) = v, (Q',7,5). Hence either both, P’ and @', or neither of them
is stable. This completes the induction, each —, is an equivalence indeed.

A fixed-point exists, because S x S is finite, | —x | > | —k+1 |, and the
chain of relations is bounded by the identity relation on S. The fixed point
is unique by construction. Hence, there is some n such that —,,=—, 1 for
all k> 0.

To show that —,, coincides with strong bisimilarity on S, we first verify
—n C ~g, where ~g denotes ~ N (S x S). For this purpose, it is sufficient
to show that — 1 (‘~n+1 UZdgan, to be pedantic) is a strong bisimulation
according to Definition 4.3.1.

Take an arbitrary pair (P, Q') €—p,+1, an action a and an equivalence
class C of —,11=—,. The first condition of Definition 4.3.1 follows directly
from v, (P’,a,C) = v,(Q’,a,C). In order to verify the second clause, assume
P’ /> Hence, for all classes D we have that Yo (P’ 7,D) = false. This im-

plies v, (Q’, 7, D) = false and, ranging over all classes, Q’ /. We can there-
fore use the second clause of Theorem 4.5.1 to obtain ~,,(P’,C) = v,,(Q’, C),
as required.

Thus only —,, O ~g remains to be verified. We show by induction that
— O ~g for all & > 0. The base case is clear. Assume that —; DO ~g,
but —x+1 B ~g. Hence, there is a pair (P’,Q’) contained in ~g and —y
but not in —j41. Note that each equivalence class of —y, is a (disjoint)
union of equivalence classes of ~g, because —, is coarser than ~g. Due to
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Definition 4.3.1, it is therefore impossible that for any a € Act and C € S/ _,
condition () or (i7) are violated by the pair (P, Q).

A.8 Theorem 4.5.2

The algorithm of Table 4.2 computes strong bisimilarity on S. It can be im-
plemented with o time complexity of O((m, + m,,)logn) where m, is the
number of interactive transitions, m,, the number of Markovian transitions
and n is the number of states. The space complexity of this implementation
is O(m, +m,,).

Sketch of Proof. Correctness: The main loop of the algorithm computes the
partitioning

(M_Refine (Refine(S_Part, a,C), C’) U Refine(U_Part, a, C’))

from the current partitioning (S-Part U U_Part) and a chosen splitter
(a, 0). To prove correctness, observe that for each partitioning (S-Part U
U_Part), the above is finer than (S_Part U U_Part). In addition, it is
coarser than S/ ~ if (S_Part U U_Part) is. If the set Spl is empty and
S_PartU U_Part is coarser than S/ ~, then it indeed coincides with S/ ~.
The algorithm is correct because the initial partition is coarser than S/ ~.
It terminates because no splitter is processed twice and the number of
possible splitters is bounded.

Complexity: As mentioned in Section 2.3, Paige and Tarjan’s algorithm com-
putes strong bisimilarity on interactive processes (Table 2.2) with a time
complexity of O(m, logn) and space complexity O(m,). The data struc-
tures and the management of splitters can be directly adopted to compute
strong bisimilarity on IMC.

Compared to Table 2.2 there are two additional computations required
in Table 4.2. During initialisation, the state space is split into S_Part and
U_Part according to the abilities of performing internal transitions. This
can be implemented in O(m, ), hence the initialisation does not worsen
the time complexity.

In the main loop of the algorithm, we have added, again compared to
Table 2.2, an additional refinement M_Refine (apart from the fact that
Refine is split into two separate invocations, which does not contribute
any additional computational complexity).

In order to establish the time complexity for the algorithm in Table 4.2,
we separate the considerations w.r.t. the two transition relations. Since
(m, +m,,)logn = (m, logn) + (m,, logn), where the first summand of
the right hand side will be consumed by Refine, we need to show that
the invocations of M_Refine in total need O(m,, logn) time. For this
we can resort to the arguments used in Appendix A.1 in the proof of
Theorem 3.6.1.
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A.9 Lemma 4.5.1

An equivalence relation £ on S is a weak bisimulation iff P £ Q implies
for all a € Act and all equivalence classes C' of €

1. ”WO(P,37C) :’WO(Qvaac);

2. PN\, P and PEP' imply Q L Q' for some Q' such that QEQ’ and
Y™ (Plvc) = Tm (leC)’ and

3. P\ iff QL.

Proof. 1t is clear that an equivalence £ satisfying this lemma also satisfies
Lemma 4.4.2. So let assume the converse, let £ satisfy Lemma 4.4.2. The
first clauses are identical. In order to verify the second clause of Lemma 4.5.1
assume P £ Q, P \{ P’ and PEP’. Thus P’ /> can be used in the third
clause of Lemma 4.4.2 to derive the required constraints on . To prove
the third clause we use an argument that already appeared in the proof of
Lemma 4.4.2. Assume P £ @ and P \{ P’. By the first clause of Lemma 4.4.2
we have that there is some @’ such that Q == @’ and P'EQ’. If this Q' is
stable we are done. If it is not stable, we apply Lemma 4.4.2 to the pair
(P, Q') € &, in particular the second clause. Since P’ is stable, there is some
stable @” such that Q" “\{ Q”. So, there is indeed is some @” such that
Q L Q" (remind that Q@ == Q’). Thus we have proven Lemma 4.5.1.

A.10 Theorem 4.5.3

The algorithm of Table 4.3 computes weak bisimilarity on S. The initialisa-
tion phase can be computed in O(n?37%) time. The body of the algorithm can
be implemented such that it requires O(n (m)" +m,,)) where n is the number
of states, my, is the number of Markovian transitions and m!’ is the number
of interactive transitions after transitive closure of internal transitions. The
space complexity of this implementation is O(m;" +m,,).

Proof. Correctness: We show that
1. the initial partitioning is coarser than S/ ~.
2. each iteration preserves this property, i.e., if TC_Part U TD_Part is
coarser than S/ ~ and (a, C) is an element of Spl, then

(M_Refine (Refine( TC_Part,a,C), C’) U Refine(TD_Part, a, C))

is still coarser than S/ =.
If these two requirements are fulfilled, it is easy to verify that, once Spl
is empty, TC-Part UT DPart coincides with S/ ~. The algorithm termi-
nates, since no splitter will be processed twice and the size of splitters
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added to Spl becomes successively smaller, bounded by splitters of one
element each.

The first requirement is an immediate consequence of Lemma 4.5.1:
The third clause of this lemma implies that for all pairs (P,Q) con-
tained in some bisimulation, both P and @ belong either to TD_Part
or to TC_Part. Since weak bisimilarity is itself a weak bisimulation
(Lemma 4.4.1) this gives us the first proof obligation.

We proceed to the second proof obligation. Assume that TC_Part U
TD_Part is coarser than S/ . Due to the definition of weak bisimilarity,
Theorem 4.4.2, and the discussion of the algorithm for weak bisimilarity
on interactive processes (Table 2.3) we do not discuss Refine formally.
Instead we simply claim that, under the above assumptions,

Refine(TC_Part,a,C) U Refine( TD-Part,a,C)

is still coarser than S/ ~. So we only have to address the question why
M_Refine(TC_Part') is coarser than S’/ ~ if TC_Part’ is, where S’ de-
notes the subset of time convergent states of S (the initially computed
TC_Part indeed). Assume that there is a pair (P, Q) contained in ~ and
thus also in the same partition X of TC_Part’ but not contained in the
same partition of M_Refine(TC_Part’,C). From these assumption we
will derive a contradiction. We distinguish four cases, dependent on the
stability of P and Q.
~If P /> and Q 4>, then P and Q must be separated be-
cause v, (P,C) # v,(Q,C). On the other hand, we have that
Yu (P, D) =7, (Q, D) for all equivalence classes D of ~. But C is the
disjoint union of some equivalence classes of £. A contradiction arises
since the sum over some equivalence classes has to result in the same
Yy values for both P and Q.

— If P/~ and Q ——, then, by assumption (Lemma 4.5.1), there is some
Q' /> such that Q ~ Q’, Q —— @’ and Yu (P, D) = 7, (Q’, D) for all
equivalence classes D of ~. In particular, Q and Q' are contained in
the same class X of TC_Part’ and we have that 7,, (P, C) = 7,,(Q’, C).
So, P and Q" will be in the same class of M_Refine(TC_Part’,C).
Anyhow, @ is not contained in this class. Since it may internally
evolve to @', the only reason for not being in this class is (cf. Defi-
nition of M_Spread) that it may also evolve to a different stable state
Q" in class X that satisfies v,,(Q',C) # 7, (Q”,C). In this case, Q
will be inserted into Rest(TC_Part’,C). But in this case, we have,
by assumption, also that ~,,(P, D) =,,(Q", D) for all equivalence
classes D of =. This leads to a contradiction, because we can conclude
Tm (Qﬁv C) = Tm (P7 C) = Tm (le C)

—If P—— and Q 7LT—> the proof is symmetric to the above case.

—If P— and Q ——, we can assume that either P or Q is not con-
tained in Rest(TC-Part’,C) (otherwise P and Q would be contained
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in the same class of M_Refine(TC_Part’,C)). So, w.l.o.g. assume that
P can only internally evolve to stable states that possess all the same
value v,, (-, C). Function Enrich will then add P to this class of stable
states. However, @ is not added to this class, by assumption. Since we
have also assumed that P ~ @ holds, we can derive (see the above
cases) that also @ will be able to internally evolve to a stable state @’
that has the same v, (-, C') value. So, it seems that @ will be inserted
into Rest(TC_Part’,C) because it may also evolve to some other stable
state Q" with a ~,,(Q",C) value different from ~,,(Q’, C). However,
since P ~ @, also P must have a similar possibility. This means that
P must be inserted into Rest(TC_Part’,C) as well, contradicting our
assumption.

Complexity: In [86] Groote and Vaandrager show how to compute branch-
ing bisimilarity with an implementation that requires O(n m,’) time and
O(m/") space — apart from the initialisation phase requiring O(n%376)
time when using the algorithm of [52] — and computes the transitive clo-

sure —T—>+ of internal transitions. Bouali adopted this machinery to also
compute weak bisimilarity [30] with the same complexity. Since our defi-
nition combines weak bisimilarity for interactive transitions with branch-
ing bisimilarity for Markovian transitions, we will combine both imple-
mentations.

The main property of both algorithms is that they decide in O(m))
time whether a refinement of the current partitioning is required, and
they compute this refinement in O(m/") time. Since there are at most n
refinements required in the worst case (each partition contains a single
state) this yields the total time complexity O(n m)).

Our method to compute weak bisimilarity proceeds in the same way.
During initialisation, we compute —T—>+. We then proceed and split the
state space into TC_Part and TD_Part. This can be done in O(m/") time
as follows. Scan all transitions. During this scan mark those states that

+
have an outgoing — " transition as potentially belonging to T'D_Part.

During another scan, unmark all states having an outgoing transition
+
—>  to an unmarked state. After these two scans, all marked states are

collected in TD_Part, all unmarked states in TC_Part.

During the rest of the algorithm TD_Part is refined according to weak
bisimilarity exactly as in [30]. For the elements of TC_Part we remove
all cycles of T-transitions, by collapsing all states in such a cycle (they

+
are weakly bisimilar). For this purpose we use an O(] ——  |) algorithm
from [2] solving the problem of finding strongly connected components

in a graph. We are thus dealing with a cycle-free relation —T—>+. Then,
still during initialisation, we sort unstable states in a topological order
according to their 7-transitions. This requires a depth first search with
time and space complexity O(m,") [2]. All states are decorated with a
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special flag indicating absence or presence of stability. Markovian transi-
tions pointing to a state are held in a separate list, but only if the origin
is stable. Otherwise they are omitted.

The complexity of the whole initialisation phase is dominated by the
transitive closure operation, its time complexity is O(n?37%) using the
algorithm of [52] and it requires O(m," + m,,) space (which is bounded
by O(n?) since Act is fixed).

Now, we describe how to decide in O(m,’+m,,) time whether a refinement
of the current partitioning is required. We only have to consider TC_Part,
as indicated above. To check whether a refinement is needed because
interactive transitions violate the first clause of Lemma 4.5.1 proceeds as
in [30], as well as the refinement itself (if necessary).

The third clause of Lemma 4.5.1 is assured by construction. So, how can
we check whether the second clause induces a refinement of TC_Part for
a given partitioning (TC_Part U TD_Part) in time O(m/"4-m,,)? For each
class C of (TC_Part U TD_Part) proceed as follows. Compute vas (P, C)
for all stable states P that may reach C. This can be done in time pro-
portional to pre(C). During this computation, construct a list of classes
that contain any such stable state. Afterwards process this list class by
class. For a class C’ in this list, check whether all stable states possess
the same value vas(-, C). If this is the case, proceed to the next class in
the list. If the list is empty, proceed to the computation of s (-, C) for
the next class C. If, on the other hand, two stable states in a class C’
have different vyps (-, C) values, then refinement is required. Ranging over
all classes C' the complexity to decide this is O(m,,), because m,, is the
sum of |pre(C)| over all classes C.

If a class C’ contains multiple stable states with different va; values, then
refinement is required, and thus the stable states in C’ have to be sorted
according to their vy, values. Using a similar method as in Appendix A.1
in the proof of Theorem 3.6.1, this sorting effort is O(nlogn), for the
entire refinement algorithm.

We now discuss how to achieve the O(n (m!” +m,,)) bound for the steps
of actual refinement, excluding the sorting effort. Since there are at most
n refinements required, it is again enough to discuss how to compute
a single refinement in O(m,” + m,,) time. Assuming that we found out
that C” has to be split, we move each stable state P with nonzero ~,,
value from its old class C’ to a new class, determined by its v,, value. A
new class is created if it does not exist before. Unstable states of C’ are
treated afterwards. By construction, a class C’ points to a list of unstable
states and this list satisfies a topological ordering, as initially achieved for
TC_Part. (The refinement with respect to interactive transitions also en-
sures this, as in [30].). Scan the list stepwise and insert an unstable state

. . . + . .
into a new class if all outgoing == lead into this class. Unstable states
leading to more than one new class are collected in another separate class
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(For this class we have to provide a list of "bottom-states’ in order match
the requirements of weak bisimilarity computation of Bouali’s implemen-
tation). New classes are inserted into the data structures as described
in [86].

One can easily check that in O(m/" +m,,) time we have refined the current

"

partitioning. The space complexity is O(m,’ +m,,) completing the proof.



B. Proofs for Chapter 5

B.1 Theorem 5.2.2

Weak congruence is a congruence with respect to all operators of IML: If Eq,
E5 and E3 are expressions of IML and a € Act , A € RJr, X eV, then

— By ~ FE5 implies a.E1 ~ a.Fy,
— By ~ Ey implies (N\).Fy ~ (\).Ea,
— F1 ~ FEy implies E1 + F3 >~ Fy + E3 and Es+ FE1 ~ Fs+ Es,
- E1 ~ E2 z'mplz'es X:= E1 >~ X:i= E2 .
Congruence of ~ with respect to the operators of IML follows the lines of [108],
except for recursion. In order to prove congruence with respect to recursion
we use a notion of 'bisimulation up to &’ [169]. We only consider closed ex-
pressions P € IMC. Once we have shown for closed x.= £ and x.= F that
FE ~ F implies x.= F ~ x.- F', Definition 5.2.3 assures that this implica-
tion also holds for arbitrary expressions. This result will be established as
Corollary B.1.1.

Let S be a binary relation on IMC. A sequence (Ry,...,R,) with n > 1
and R; € IMC for i € {1,...,n} is a (S U=)-path (or a path, for short) if
— R, (SU=) R4y forallie{l,...,n—1} and
- RZ‘Q'JRZ'Jrl 1mphes Ri+1 / ’&Qi+2) for i € {1, e, — 2}
It is worth to remark that the second requirement can always be guaranteed,
due to the transitivity of ~. In the sequel we will use P, P’, Q, Q... to
denote paths. If P = (Ry,..., R,) is a path, let
77)ZERZ andp(i):(RivRi+17~'~aRn) forlgign?
—|Pl=n,and |P|, = {i|1<i<n—1A R; /Rit1}]
For two paths, P = (P1,...,P,) and Q = (Q1,...,Qn) with P, = @1, we
let

,PQ: (Plv"'aPn7Q27~~~7Qm) ifpnfl/apnorQl/;QQ
(Pl,...,Pn_l,QQ,...,Qm) else

* *
In the sequel, we use = to abbreviate > % 1> . Note that ==
agrees with ==, except if a = 7. In this case the latter includes the reflexive
closure (Definition 2.2.4), while the former does not.

H. Hermanns: Interactive Markov Chains, LNCS 2428, pp. 175-205, 2002.
(© Springer-Verlag Berlin Heidelberg 2002
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Definition B.1.1. Let § be a symmetric relation on IMC and let
T = (SU=)* be the induced equivalence relation on IMC. S is a weak con-
gruence up to =~ iff P S Q implies for all a € Act, C € IMC/T and P’ € IMC
that

1. P—> P’ implies Q=% Q' and P’ S R ~ Q' for some R, Q' € IMC,
2. Pyl (or Qyl) implies v,,(P,C) = v, (@, C),
3. Pyl iff Qvl.
We are aiming to show that P ~ @ holds already if there is a weak congruence

up to =~ between P and . This will be expressed in Lemma B.1.7. We need
a few lemmas beforehand, the first just being a restatement of Lemma 4.4.2.

Lemma B.1.1. An equivalence relation £ on IMC is a weak bisimulation iff
P & Q implies for all a € Act and all C € IMC/E:

1. P—3> P implies Q == Q' for some Q" with P’ £ @',

2. Pyl implies v, (P, C) = v,,(Q",C) for some Q"/| such that Q == Q"
and P € Q".

Proof. Rework of the proof of Lemma 4.4.2, following the lines of Ap-
pendix A.4.

Lemma B.1.2. Let By, By be equivalence relations on IML. By C By implies
that

Zf (VCl € lML/Bl) ,YM(E’Cl):’YM(F701)7
then (VCs € ML/Bz) ,, (E, Ca) = 1, (F, Ct).

Proof. Follows from the fact that each C' € IML/B; is the disjoint union of
classes from IML/B;.

Lemma B.1.3. Let B C IMC x IMC be a symmetric relation such that P B Q
implies for all a € Act and all C € IMC/B*:

1. P—3> P’ implies Q == Q' for some Q' € IMC with P' BQ',
2. Pyl implies v,,(P,C) = 7,,(Q",C) for some Q"] such that Q == Q"
and PBQ".

Then the transitive and reflexive closure B* of B is a weak bisimulation.

Proof. If PB*(@Q, then PB™(Q for some n > 0. Now, (1) and (2) of
Lemma B.1.1 can be shown by an induction on n, using the fact that P B @
and P == P’ implies Q == Q' B P’ for some Q' € IMC (which follows from
the first assumption of Lemma B.1.3).

Lemma B.1.4. For P, Q € IMC, P=Q holds iff for every a € Act and C' €
IMC/=:
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1. P—3%> P implies Q = Q' and P'~Q’ for some Q' € IMC,

2. Q—i> Q' implies P == P’ and P'~Q’ for some P’ € IMC,

3. Pyl implies v,,(P,C) = 7, (Q",C) for some Q" /| such that Q == Q"
and P € Q",

4. Qyl implies vy (P",C) = 7, (Q,C) for some P"y/| such that P == P"
and P" € Q.

Proof. The direction saying that P=() implies the four conditions of lemma
follows from the fact that ~ is weak bisimulation. The converse direction can
be proven by verifying that {(P, @), (Q, P)} U =) satisfies the conditions of
Lemma B.1.3 if P and @ satisfy the four conditions of the lemma.

Lemma B.1.5. IfS is a weak congruence up to ~, then P S Q and P =t P’
imply Q== Q' and P' S R~Q' for some Q', R € IMC.

Proof. 1t is sufficient to show that
if PPSR=~Q N P =& P",
then 3Q",R" € MC(Q' == Q" A P"S R'~Q")

because this implies that we can trace the chain P #2 P’ transition by
transition choosing R’ = @ for the first step. Since the first step, according
to (1) of Definition B.1.1 and P § @ implies that we will perform at least
one transition from @ we can deduce that Q =2 Q' instead of the weaker
Q== Q'. So, let P’ S R'~Q' A P'—%> P". From P'—> P", P' S R we
derive using property (1) of Definition B.1.1 R’ =& R" and P” S R" ~R"
for some R”, R" € IMC. Now, R' == R and R’ ~Q’ imply Q' == Q" and
R" ~ Q" for some Q" € IMC. As a whole, we obtain P” S R"~R" ~Q".
The above reasoning is illustrated (for a specific example) by the following
diagram.

P S Q
T T \h'/fr
o S e ﬁ ~ .
T A T — T
a A aﬂ a

Lemma B.1.6. If S is a weak congruence up to =, then T = (SU=)" is a
weak bisimulation.
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Proof. Since S is symmetric, 7 is an equivalence relation. In order to show
condition (1) of Lemma B.1.1, assume P 7 @. Thus, there is a (S U=)-path
P with Py = P and Pjp; = Q. In order to simplify the proof of condition
(2) of Lemma B.1.1 it is helpful to show the following stronger condition (17)
instead of (1).

Let P be a path with P =P, and @ = Pjp| and let P=& P'. Then
there is a path Q such that Q == Qlg|, @1 =P and

— If P =P1~P,, then |Q|x < |P|x

—If P=P1 AP, then ((Q1 AQ2 A |Qlx < [Plx) V [Qlx < [Plx)

The proof of (1°) is by induction on |P|x. So, let P be a path with P = P,
and @) = Pjp| and let P P

First, assume |P|x =0, i.e., P =~ Q. Then P =& P’ implies, as expected,
that there is some Q' such that Q == Q' and P’'~Q’. We therefore choose
Q = (P',Q’). Now, let |P|x > 0. We distinguish the following two cases.

Case 1: P=P; AP,

This implies P; S Ps. From P == P’ and Lemma B.1.5 we derive that
there are some P, R’ € IMC such that Py == P” and P’ S R'~P". Since
we also know that |[P()|y < |P|x holds we make use of the induction
hypotheses for the path P(®) and the chain of transitions P, == P” in
order to deduce that there is a path Q' satisfying Q) = P, Q == QfQ’I’
and |Q'|x < [P@|. If P’ AR’ define a path Q as Q = (P, R, P")Q'.
Then, Q; = P/ AR = Qs and |Q|x = |Q'|x +1 < [PP|x + 1 = |P|.
Hence Q satisfies all requirements. If, otherwise P'~R’, then R'~P”
implies P'~P". Define @ = (P', P")Q’. Then |Q|x = |Q'|x < |P?)|y <
|P|x holds as required. A diagram illustrates the proof of Case 1:

P S R/ RS Pl Q/

Case 2: P = P1~P,

Thus, Py APs necessarily holds. P == P’ however implies that there
is some P” such that Py = P” and P’~P”. In case that a = 7 and
Py = P” hold choose @ = (P’, P")P®? (note that 7752) =Py, = P).
Otherwise Py == P” holds. We can therefore resort to Case 1 with P2
and the chain of transitions P == P”. We obtain that there is a path Q'
satisfying Q4 = P”, Q = Qo> and [Q']x < |P®?)|. We now choose
Q = (P',P")Q and obtain |Q|x = |Q'|x < |[PP|yx = |P|x. Again a
diagram is helpful to illustrate the proof of (1’) for Case 2.
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PB)
P = P & Py A Py Q
| ﬂ H
—a a a
\ Q'
P/ ~ P// ................................................................ Q/

We are now ready to verify condition (2) of Lemma B.1.1. Let P 7 Q,
C € IMC/T, and P./|. Furthermore let P be a path satisfying P; = P and
Pp| = Q. We show the following property by induction on |P|x.

Q"L (Q= Q" A 1,(P.C) =1,(Q".C)N PT Q"). (B.1)

The base case, |P|x = 0, (i.e., P~Q) follows directly from property (3) of
Lemma B.1.4 and Lemma B.1.2 because &~ C 7. Now let |P|x > 0. Again we
distinguish two cases.

Case 1: P=P; AP,

So, P1 S P holds. Since P = P;y] we obtain (using condition (2) and (3)
of Definition B.1.1) that Pay/| and for all C' € IMC/T:

Y™ (P’ C) = Tu (,PQ’ C) (BQ)

Since [P?)|4 < |P|x and Pay/| we make use of our induction hypotheses
for the path P(2). We obtain that there is some Q" such that Q == Q" ,

Tm (PQa C) = Tm (Qﬂa C)v (B3)

and Py T Q. This gives P 7 Q”, using P S Ps. In addition, (B.2) and
(B.3) imply (B.1).

Case 2: P = P1~P,
Thus, necessarily P, APs3. From P,/| and P~P5 we deduce, using ~ C 7
and Lemma B.1.2, the existence of some P’,/| such that

Py == P' A7, (P,C) =~,(P2,C) =7, (P',C) NPT P, T P'. (B4)

If P, = P’, we resort to Case 1 with the path P2 taking into account
that PfQ) = P’y/] holds. We obtain that there is some Q" such that
Q= Q" ,v,(P,C)=7,(Q"C),and P' T Q". Together with (B.4) this
implies (B.1). Therefore we can assume that P, == P’. We can now make
use of property (1°) for the path P and the chain Pl(z) = Py == P
taking into account that 731(2) =Py pP3 = 732(2). We obtain that there
is a path Q such that Q = Qig, Q1 =P, and

(Q1 AQ2 A Qg < [PP]x =[Plx) V |Qlg < [PP|x = [P

If |Qx < |PP®|x = |P|x holds, we can directly use our induction hy-
potheses for the path Q taking Q; = P’,/| into account. We obtain that
there is some Q" /| such that
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Q|Q| = QH A ’YM(PIVC) = 'YM(Q//7C)) NPT QN.

As a whole, we get Q == Qo = Q"|, thus Q = Q"/| and, using
(B.4),

Tm (P7 C) = Tm (Qﬁv C) NPT QN~
as required.
If, otherwise, @1 ~Qs and |Q|x < |P®)|y = |P|x, we can resort to Case
1 with path Q taking (again) Q; = P’y/| into account. Once again, we
obtain that there is some Q"] satisfying

Qo) == Q" A 1, (P,C) =7,(Q",C) N P T Q"
As above, this results in (B.1).
We have hence completed the proof of Lemma B.1.6.
Lemma B.1.7. If S is a weak congruence up to =, then S C ~.

Proof. Lemma B.1.6 says that 7 = (SU=)* is a weak bisimulation, implying
S C (SU=)* C ~. We can therefore deduce the following properties from
PSQ:

— Let P —3> P’. This implies (using (1) of Definition B.1.1) Q =% Q' and
P'S R~ Q' for some Q'R € IMC. P’ S R now implies (using S C =)
that P’ ~ R and thus P’ =~ Q.

— Symmetrically, @ —%> Q' implies that there is some P’ € IMC such that
P= P and P ~ Q'

— Let Py| and Qy]. Condition (2) of Definition B.1.1 implies v,,(P,C) =
Y (@, C) for each class C € IMC/7T. Since 7 C =, Lemma B.1.2 implies
Y (P, C) = 7, (Q, C) for each class C € IMC/=.

— Condition (3) of Definition B.1.1 gives rise to P/ iff Q/].

These four properties are equivalent to P ~ @ (Definition 5.2.4).

We are still collecting the necessary means to prove the congruence prop-
erty for recursion. In order to prove x.= £ =~ x.- F if X is the only free
variable in E and F' it is sufficient to construct a weak congruence up to
~ containing the pair (x.= F , x.= F'). We will construct such a relation S in
Lemma B.1.13. First, we state some simple lemmas. In all of them we assume
that G,H,E € IML and X € V. Lemma B.1.8 can be proven by structural
induction on IML |, whereas Lemma B.1.9 to Lemma B.1.12 require induction
on the heights of the proof trees of the involved transitions.

Lemma B.1.8. G{E/X}| iff G| and (E| or X weakly guarded in G).
Lemma B.1.9. If G —— H, then G{E/X}—> H{E/X}.

Lemma B.1.10. If E 3> FE' and X is fully unguarded in G, then
G{E/X}—> F'.
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Lemma B.1.11. Let G{E/X} ——> F. This implies that X is fully un-

guarded in G and E—~ F or that G —— H and F = H{E/X}. Further-
more, if X is strongly guarded in G and a = T, then X is strongly guarded in
H.

From the last four lemmas it follows immediately that

G{E/X}vl & (Gyl A (X weakly guarded in G V E/])). (B.5)

Lemma B.1.12. Assume that G|, G—0— G; for1 <i<n cde—MDJ—> L
for 1 < j < m and furthermore assume that these are all —o—>—transitions
emanating G and E, respectively.
A . . .

Then G{E/X} —0— G{E/X} for 1 < i < n. Furthermore, if k is the
number of fully unguarded occurrences of X in E, then, for 1 < j < m, the
transition G{E/X } AN E; is contained in the multi-relation —i— k times.
No other —i—>—transitions emanate G{E/X}.

Lemma B.1.13. Let V(E) UV(F) C {X} and E ~ F. Furthermore let
R ={(G{x=FE /X},G{x=F /X}) | V(G) C{X}}. Then, S=(RUR™)
is a weak congruence up to =.

Sketch of Proof. We have to check condition (1)-(3) of Definition B.1.1, which
is only necessary for pairs in R due to symmetry. Each condition involves a
case analysis concerning the outermost operator of G. Condition (1) is shown
by an induction on the height of the proof tree for G{x= E /X} —+> P'. To
show (2) we perform an induction on the sum of the heights of all proof trees
for —> transitions emanating G{x.= F /X }. Structural induction on the
definition of IML| is needed to show condition (3). All cases except of G = X
are straightforward. Thus, we only check condition (1)-(3) of Definition B.1.1
for the pair (x.= E ,x.= F).

Assume x.— E —+> P. Thus E{x=F /X} —%> P, which can be
derived by a smaller proof tree. Thus, the induction hypothesis implies
F{x=F /X}=% Q" and P S R=Q' for some Q'. Since E ~ F, i.e., (using
Definition 5.2.3) F{x= F /X} ~ F{x.— F /X} this implies F{x- F /X} =&
Q and Q'~Q for some @Q and thus finally x— F == Q and P S R~Q'~Q.

In order to verify condition (2) of Definition B.1.1 assume x.= FE /|
and x.= F /|. Thus, E{x= F /X }y|, F{x= F /X}|. Furthermore, x.= E |
implies that X is weakly guarded in E. (B.5) on page 181 implies
E{x.= F /X}y|. Therefore, for every C € IMC/(S U ~)*

Yu(x=E,C) = (recursion rule of Table 5.1)
Tu(E{x=E /X},0)
T (B{x=F /X},C)

(induction hypothesis)
(B{x=F /X}~F{x=F /X}, Lemma B.1.2)
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Y (F{x=F /X},C) = (recursion rule of Table 5.1)
Y (x;: F 70)
Finally condition (3) of Definition B.1.1 can be shown as follows. Assume
x.= F ]. As in the proof of condition (2) it follows E{x.= F /X}|. Since
E ~ F,ie, F{x=F /X}~ F{x=F /X}, this implies F{x= F /X}yl,
ie, x=F|.

Eventually, we have all the means to derive that ~ is a congruence with
respect to recursion.

Corollary B.1.1. If E,F € IML, then E ~F implies x=FE ~ x- F .

Proof. Because of Definition 5.2.3 it is sufficient to consider only those
E,F € IML where V(E)UV(F) C {X}. Assume that E ~ F holds. Then the
relation S appearing in Lemma B.1.13 is a weak congruence up to ~. Choos-
ing G = X implies x.= F § x.= F . Lemma B.1.7 now implies x.= F ~ x.- F'.

B.2 Theorem 5.3.2

For each weakly guarded expression E there is some weakly guarded SES in
the free variables of E that E A -provably satisfies.

Proof. The proof is by induction on the structure of E, it exhibits no differ-
ences to the proof of [142, Theorem 5.9]. We include some details here, since
we will make use of them later, in the weak congruence case.

First consider the base cases: If F is 0, L or Y choose an SES S with a
single equation X := E. This is a weakly (even strongly) guarded SES, and
Ao+ E=FE{E/X;} is trivially satisfied.

Now, assume FE = a.E. By induction there is a weakly guarded SES
S’ ={X':= F'} A_-provably satisfied by expression F. Define a new SES S
by a leading equation X; := Fy, where F} = a.F}, and appending 9’, i.e., fix
Xo = X{ and F» = Fj, X3 = X}, and F5 = F}, and so on. This SES is weakly
guarded and it is A.-provably satisfied by E. If E = (\).E use the same
construction, but let Fy = (A\).F}.

If E=FE'+ E”, then we have, by assumption, two weakly guarded SES,
say S’ and S, A.-provably satisfied by E’, respectively E”. We can assume
that the formal variables of S” and S” are distinct. Define an ES S by setting
X1 := F1, where F} := X{+ X} and appending S” and S”. This ES is a weakly
guarded SES since S’ and S” are. In addition, E A.-provably satisfies S.

The only remaining case (and indeed the only nontrivial one) is that
E = y.— E', where Y has to be weakly guarded in E’ (otherwise E would not
be weakly guarded). The free variables of E’ are those of E possibly extended
with variable Y. By assumption a weakly guarded SES S’ = {X := F'}
in the free variables of E’ exists that is A.-provably satisfied by E’. In
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other words, there is some vector of expressions E' = (Fy, ..., E!) such that
A.FE =F/{E'/X} and AL+ E = FE.

Define an ES S by setting X; := F; where F; = F/{F]/Y}. This implies
Fy = FY, i.e leaves the leading equation unchanged, since Y is weakly guarded
in E' and thus cannot be a summand of F}. For the same reason, it is clear
that S is a weakly guarded standard ES and that it has free variables in those
of E. It remains to be shown that E A.-provably satisfies S. To verify this,
we have to construct a vector E = (E1,....E,) such that A. - E = E; and
A .+ E, =F{E/X}.

In order to achieve these two properties, let £ = E’{E}/Y}. Apply (.=2)
and A. b E’ = F} in order to obtain the first of the required properties:

A.FE=y-E =FE{E/Y}=E/{E|/Y}=E.

The second property requires some standard properties of nested substitution,
as follows, completing the proof.

A FE; = (definition of E;)
E{E{/Y} = (by assumption A FE/=F/{E'/X})
F{E'/X}H{E/Y} = (AvFF = F{F/Y})

FAF//YHE{E{/Y}/X}= (definition of F})
F{(E'{E{/Y}/X} = (definition of E)
F{(E/X)}.

(

E
F{F/JYH{FE|X}{E/Y}= EY not contained in X)

(

B.3 Theorem 5.3.3

Let E and F be two strongly bisimilar expressions, i.e., E ~ F. Furthermore
let E A -provably satisfy the SES S1 and F' A -provably satisfy the SES S,
where both S1 and Sy are weakly guarded. Then there is some weakly guarded
SES S, that both E and F' A -provably satisfy.

Proof. Assume E~F and let S; = (X := G) and So = (Y := H) be
weakly guarded SES such that there are expressions E = (Ey,..., E,) and
F = (Fy,...,F,) satisfying

A.FE=E,

A+ F = Fy,

A.F Fj = H{F/Y}.
Each G; and Hj is of the following form:
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r1(4) s1(1) t1(4) uy (7)

Gi = Z ( % kl)'Xf1(i,k:1) + Z ai,ll' g1 (4,01) + Z Whl(z may) + Zl 1,
= ml_ ny=
( 82( ) t2(J) u2 ()

H; = Z (F‘J ka)- Yfz(y k2) T 21 bjiz,- gz(] I2) T > th(] ms) T Zl L.
: 2 ’I’ng— na=

From law (N) and law (I2) we derive that 1+1 = 1, whence we can assume
that u1(i), uz(j) € {0, 1}. Now, define the following sets:

- 1={(i,j) | Ei~Fj;},
Ji’j = {(klka) € {1""a7ﬂ1(7;)} X {1,...7T2(j)} | (fl(i;k1)7f2(j, kQ)) € I}v
— Ki,j = {(lhlg) € {].7. . .,Sl(i)} X {].7. . .,Sg(j)} | A1, = ij2 AN
(gl(i7l1)’92(ja l2)) € I}

Since E ~ F (and soundness of A..) we have (1,1) € I. In addition, (i,5) € I
implies, by assumption (and soundness), G;{E/X}~H,;{E/Y }.

In the sequel we use X;v/, X; ¥, X;l, X;1 to denote G;v/, G; v, Gil, G;T,
respectively, and similar with Y; and H;. With this notation we are able to

deduce that the following important properties:
If (i,5) € I, then for all a,b € Act and C € IML/ ~,

(i) X; ——>g, X} implies that there is some I such that Y; —>g, V) and
(k,1) 6 I,
(ii) Y; —o—>52 Y; implies that there is some k such that X; —?—»Sl X and
(k l)el,
(iii) X;yv/| implies Y;v/| and v, (GH{E/X},C) =~ (H;{F/Y},C)),
(iv) Yjv| implies Xiv| and 7, (G{ E/X}, C) = v, (H;{F/Y},C)),
(V) AWhiitys - s WhiGir ()} = Wha(i1)s -+ - » Wha(ita i)y }- In addition,  if
Xiv| (and Y]\/l) then
Wi WhiGa@b = AWhag,0s - Wha G -
Assuming (4, j) € I, property (i) implies that for each Iy € {1,...,51(7)} there
is some Iy € {1,...,52(j)} such that a;;, = bj;, and (¢1(¢,11), 92(J,12)) € I),
and symmetrically by property (ii) with ls and Iy reversed. In other words,
K; ; is a total and surjective relation.
In addition to (Z,7) € I, let us now assume X;v/| and Y;/|. Property (iii)
(or (iv)) implies

(VC € IML/ N) ’YM(Gi{E/X}’C) = ’YM(H]'{F/Y}’C)'

Let (K1, k2) € Jij. ie., Ef (i k) ~ Fro(jks)- Then we know, by the definition
of Ji’j7 that
Ey i)~ Ef (i) iff (u, k2) € Ji 5,

and symmetrically
Ef2(j,k2) ~ Ef2(j71,) iff (kl, v) S Ji,j.

Hence, we are able to deduce:
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r1 (i)

Z /\i,u: PYI\/I(Gi{E/X}’[Efl(i’kl)]N) =

(1;,16;):61]17]- r2(j)
Y HHAF /Y [Frrals) = i u-
(k'177'2>=€111‘,j

We abbreviate this sum with ’7111] ko (though this suggests a dependence from
both k1 and ke that obviously is not existing). We are now in the position to
create a standard equation set S = {Z, ; = L;; | (i,j) € I} with new formal
variables Z; ; (for each pair (i,7) € I) that serves our purposes. Let

t2(j)
L;; = Z bjts-Zg (i,01),92(Gylo) T Z Whs (,ms)
(l1,l2)EK; 5 mo=1

Ak - ik .
Z <7k+%> Zf1 (i k) f2 (5 k) if X;v| and Y|

+ { (k1 k2)€ T Yy ko

L if X7 or Y51

0 else.

Obviously, each Z; ; is weakly guarded in each Ly ;» and hence S is weakly
guarded. Our claim is that E A.-provably satisfies the SES S (where F
will be equated with Z1). The proof that F' A.-provably satisfies S is
completely symmetric. In order to show the former, we will prove that
ALk Ci; =L; j;{C/Z}, where C;; = E;. Note that AL F E = C 1, since
A.+FE=E;.

We will transform L; ;{C/Z} stepwise into C; ;, i.e., Ei, starting from

t2(j)
Lz,]{C/Z} = Z aul.Egl(i,ll) + Z th(j’mz)
(l1,l2)EK; 5 ma=1

Niky * Pk '
(%) L (i.kr) if X;v| and Yjy/|
4 { (krk2)ETi Vi1 k2
L if X;1 or Y;1
0 else.

First, the sum of free variables

t2(j)

Z Whs(yma)

TVL221

has to be transformed into

t1(1)
Z Wh1 (i,ml) N

mi=1
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If X;v| holds, no transformation is required at all, as an immediate con-
sequence of property (v). If, on the other hand, X;1 or X;y holds, then
property (v) ensures {Wh, i.1ys -+ Why (it i)} = AWha(i,1)s s Wha(Gita () -
In the case of X;T we can use A. F E+ E+1= E+1 to add or remove as
many variables from the former sum in order to match the latter. The above
transformation is derivable from law (I3) and law (N):

AFE+E+1=FE+E+0+1l=E+E+0+0+1+1=FE+1

In the case of X;y, we use Ao+ E+ E+7.F = E+ 7.F instead to match
both sums. This transformation can be derived from the former by two ap-
plications of law (L2).

Having equated the sums of free variables, we now turn our attention to
the sum of delay prefixes. Assuming X;/| and Y| we can transform this
sum, using law (11):

iy * Mgk
Ak Y] <——%3—Li)~Eﬁwxn

(k1,k2)€J; Tk ez
Tl(i

) r2) A
_ ik ks | @
- Z < ij ) L f1 (k1)

ki=1 ko=1 k1,ko
(k1,k2)€J;

r1(%) r2(j)

/\i o My
= Z Z Vki,jujyh B (k)

ki=1 ko=1 k1,k2
(k1,k2)€J;
Note that in the last line, the right symbol "}’ is a sum of real values (inside
a delay prefix) rather than a choice operator. This sum can be drastically
simplified:

r2(j)
) ) Mg, ko
r2(j) r2(j) k=1
/\iJﬁ ks g ko (k1,k2)€J; j
%:/\ikl' %ZAi,kl'%:/\ikl
2 X D D] ") ’
ko=1 k1,k2 ko=1 . .
(k1,k2)€EJ; (k1,k2)€J; ‘ Hju ‘ g
(k1,u)7€‘77:,_7' ("'1’“)76‘71‘,,_7‘

Putting both transformations together we obtain

r1(1)
Ny Mgk C
AN F Z ( 11‘_‘ J 2> 'Efl(i,kl) = Z (Aiykl)'Efl(i,kl)'

.
(k}l,}fz)EJin ’Ykth k1=1
In the remainder of this proof we use the following abbreviations.

Sl(i) tl(i) Tl(i)
D, = Z ai,lrEgl(i,h) + Z Whl(i,ml) and Dy = Z (/\i,kl)~Ef1(i,k1)~

11=1 mi=1 ki=1
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With this notation we have, in summary, achieved so far:

A LiAC/ZY=Di+{ 1  iXJorY;l (B.6)

0 else.

On the other hand, we derive from our assumption A. - E; = G;{E/X}
that

— X;| implies A+ E; = D1 + D5, and
— X, implies A E; =D+ Dy+1.

Still, A+ L; ;{C/Z} = C; ; has to be checked in 16 different cases, resulting
as a combination of X;v, X;T, Y;y, Y;T, and their respective negations.
Fortunately six cases can be ruled out immediately and other cases can be
grouped together.

— Case X;v N Xil AN Yy AN YT
This combination is impossible because of property (iii).
— Case X;v N XiT AN Yy A Y5
This is ruled out by property (iv).
— Case X;v A Y,y (covering four cases):
These cases are also impossible, because K ; is total and surjective, and
therefore for each ly with b;;, = 7 the existence of some Il; such that
a; 1, = T is guaranteed.
— Case X;v N XiT AN Yy A YT
Then we have
Ao+ LZ,J{C/Z} =Di+L

which can be transformed to the desired result C; ; with the help of 1 (7)
applications of law (L1):

Aot Di+1=D1+ Dy+1=F; = Ci,j.

— Case X;v A X5 N Yy AN Y
In this case, A F L; j;{C/Z} = D1 + Dy = E; = C; ; holds immediately.
— Case X;¥ A X;] A Y;] (covering two cases):
Then
A+ L ;{C/Z} = D;.

Since X; y holds, F; has to contain a summand of the form 7.E’. We can
therefore apply Lemma (5.3.1 71 (%) times) and obtain

AN}_D1=D1+D2=EiECZ‘7j.

— Case X;¥ A X;] A Y;7 (covering two cases):
We have
AL {C/Z} = Di+1 .
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Again, E; has to contain a summand of the form 7.F’. We can therefore
use Lemma 5.3.1 as in the preceding case and eventually apply law (L2).

A~ b Di+Ll= Dy + Da+l=Di+ Dz = E; = Cy;.

— Case X; ¥ N X1 (covering four cases):
Then A. + L; ;{C/Z} = D1+L and we can obtain the required result by
applying law (L1) 71 () times.

.AN [ Dl—‘rJ_: D1 + DQ—‘y—J_: El = C@j.

We have thus shown that E A.-provably satisfies the strongly guarded SES
S. As mentioned above, the proof that F' A.-provably satisfies S is com-
pletely symmetric and therefore omitted. This completes the proof of Theo-
rem 5.3.3.

B.4 Theorem 5.3.6

For arbitrary expressions E and F it holds that

A-FE=F implies E~F

For most of the laws, Definition 5.2.4 is easily verified. We will only discuss
the laws for recursion. Law (.=1) states that bound variables can be renamed if
no additional bindings are introduced, and x= E ~ v.— E{Y/X} obviously
holds. Law (.=2) is immediate from the structure of the operational rules for
recursion (Table 5.1) and the definition of the predicate |, Definition 5.1.4.
A central law, on the other hand, is (.=4’), as discussed in Section 5.3. We
develop a detailed soundness proof for (.=4’) closely following the proof of
congruence with respect to recursion (Appendix B.1). Corollary B.4.1 will
be the final point to show soundness of this law. Afterwards we focus on
the remaining laws for recursion ((-=5), (:=6), (:=8)) that are specific for the
treatment of divergence in the presence of maximal progress. Compared to
Appendix B.1we make use of a similar 'up to’ technique but we use a slightly
different definition of 'weak congruence up to ~’ than the one given in Def-
inition B.1.1. Instead of introducing a different name we abuse notation for
the remainder of this appendix and redefine 'weak congruence up to =’ as
follows.

Definition B.4.1. Let S be a symmetric relation on IMC and T = (SU~2)* 1.
S is a weak congruence up to = iff P S Q implies for all a € Act, C € IMC/T
and P’ € IMC that

! Thus, 7 is an equivalence relation.
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1. P=& P’ implies Q== Q' and P'~R; S Ry~Q’ for some R1, Ry, Q' €

IMC,

Pyl (or Qyl) implies 7, (P,C) = v,(Q,C),

3. If P is a (SU~=)-path and P1v/|, then there is some (S U ~)-path P’
such that P} = Py, Plv| for alli € {1,...,|P'|}, and Pjp| = Pl

4. Pyliff Qul.

Lemma B.4.1. If S is a weak congruence up to =, then S C ~.

o

Proof. The strategy is analogous to that in Appendix B.1. Apart from proving
that 7 = (S U=~)* is a weak bisimulation the proof follows the lines of that
for Lemma B.1.7.

Let P T Q. Condition (1) of Lemma B.1.1 directly follows from the fact
that if P == P’ and P is an (S U ~)-path with P; = P and Pjp| = Q,
then there is some (S U ~)-path Q such that Q; = P’ and Q == Qg To
prove this observation requires a simple induction on |P| using condition (1)
of Definition B.4.1.

In order to show condition (2) of Lemma B.1.1 we use properties (2)
and (3) of Definition B.4.1 as follows. Let P7 @ and Py/| and let P be an
(S U =)-path satisfying P; = P and Pjp| = Q. (3) implies the existence of
some (S U a)-path P’ such that P; = P, P/y| for all i € {1,...,|P’|}, and
Q= P|ps|- Using (2) of Definition B.4.1 we can show ~,, (P, C) = 7,,(P;, C)
for every i € {1,...,|P’|} and C € IMC/T.

Lemma B.4.2. Let E € IML and P,Q € IMC, with X strongly guarded in E
and V(E) C {X}. Furthermore, suppose P ~ E{P/X} and Q ~ E{Q/X}
and define the relation R = {(G{P/X},G{Q/X}) | V(G) C {X}}. Then the
relation S = (RUR™!) is a weak congruence up to =~.

Proof. We have to check conditions (1) - (4) of Definition B.4.1. For symmetry
reasons it is sufficient to restrict ourselves to pairs contained in R. We let 7
denote (S U=~)*.

(1): The proof is identical to the proof of Proposition 13 in [145] (only for
(1), the fact that X is strongly guarded in E is needed).
(2): Let V(G) C {X}, G{P/X}vl, and G{Q/X}v|. We have to show
v (G{P/X},C) = v, (G{Q/X},C) for all C € IMC/T. We fix some
C € IMC/T. We first prove the following weaker property (2’).
If X is weakly guarded in G| and V(G) C {X},
then 'VM(G{P/X}a C) ="y (G{Q/X}a C).
Assuming weak guardedness of X in G, (i.e., absence of fully un-
guarded occurrences), Lemma B.1.12 implies that for each transition

G{P/X} N G'{P/X?} there is a unique corresponding transition
G{Q/X} N G'{Q/X} and vice versa. Since G'{P/X} § G'{Q/X},
we obtain v,, (G{P/X},D) = v,,(G{Q/X}, D) for every D € IMC/S*.
This in turn implies (2’), because of * C 7 and Lemma B.1.2.
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(3):

(4):

B. Proofs for Chapter 5

Concerning (2) we can  derive  from P~ F{P/X},
Q~E{Q/X} that G{P/X}~G{E/X}{P/X} as well
as G{Q/X}~G{E/X}{Q/X}  Because of ~C7T  and
Lemma B.1.2 we have ~,(G{P/X},C)=~,(G{E/X}{P/X},C)
and P, (GLQ/X},C) =2, (GIE/XHQ/X}.C).  Simee X
is strongly guarded in G{E/X} (in fact, we need only
need weak guardedness) we can apply (2') to obtain
(GLE/XHP/X},C) = 2, (GLE/X HQ/X}, C) implying (2).
We show the following generalisation (3’).
Let P be a (S U =) -path such that P; == P’,/|. Then there is
some (S U=)-path P’ such that P{ = P', Pjp| = P|ps and
Ply| for every i € {1,...,|P'|}.
W.lo.g., assume that for every ¢ € {1,...,|P|} it holds that if P; A~P;11
there is some H satisfying

P;i=H{P/X} N Piy1 = H{Q/X} N X strongly guarded in H. (B.7)

(This can be achieved by replacing all subpaths in P of the
form (G{P/X}, G{Q/X}) satisfying G{P/X} /=~ G{Q/X} but
where X appears not strongly guarded in G by subpaths of
the form (G{P/X}, G{E/XHP/X}, G{E/XHQ/X}, G{Q/X}).) We
prove (3’) by an induction on |P|. The base case |P| = 0 is trivial. We
distinguish two cases.

— If Pi & P, then P; = P’ implies that there is some R” such that
Py = R"” and P’ ~ R"”. From P’,/| and P’ ~ R"” we obtain that
there is some R’ such that R’ == R'y|. Now, P’ ~ R"” and P’y
imply P’ ~ R’. We have thus obtained P, == R’./|. Applying the
induction hypothesis to the path P and the chain of transitions
Py == R’ returns a path P” satisfying the conditions of (3’). Thus
P’ = (P',R') P" is a path as required in (3’).

— If, otherwise, P; /A P2 holds, (B.7) says that there is some H € IML
such that P, = H{P/X}, P» = H{Q/X} and X strongly guarded
in H. Iterative applications of Lemma B.1.9 and B.1.11 to the chain
of transitions P; = P’ leads to some R’ such that Py = R’ and
P’ S R'. Anticipating that we will show below that (4) of Defini-
tion B.4.1 holds, P'y| and P’ S R’ implies R',/|. We can therefore
apply the induction hypothesis to the path P and the chain of tran-
sitions Py == R'\/|. We obtain a path P” such that P’ = (P’, R') P"
satisfies the requirements of (3’).

It holds

G{P/X}vl & (G{P/X}~G{E/X}{P/X})
G{E/X}{P/X}vl & (X strongly guarded in G{E/X},
using (B.5) on page 181)
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G{E/XHQ/X}vl & (G{E/XHQ/X}~G{Q/X})
G{Q/X}vl

This completes the proof of Lemma B.4.2.

Lemma B.4.3. Let E € IML and P,Q € IMC, X strongly guarded in E and
V(E) C{X}. If P~ E{P/X} and Q ~ E{Q/X}, then P ~ Q.

Proof. We obtain P ~ @ by applying Lemma B.4.1 to the relation R ap-
pearing in Lemma B.4.2 where we choose G to be the variable X.

Lemma B.4.4. Let E € IML and P € IMC, X strongly guarded in E and
V(E)C{X}. If P~ E{P/X}, then P~x-F.

Proof. V(E) C {X} implies x= F € IMC and soundness of (.=2) assures
x= F ~ E{x= F /X}. We can therefore use Lemma B.4.3 (with Q = x.= E)
to deduce P ~ x.= I .

Definition 5.2.3 implies that this lemma holds also for arbitrary expres-
sions in IML:

Corollary B.4.1. FF ~ FE{F/X} implies F ~ x.-FE provided X is
strongly guarded in E.

After having shown soundness of law (.=4’) we now turn our attention
towards the remaining laws of recursion that are specific for the treatment
of divergence. We will discuss law (.=8) in some detail in order to give some
insight into the proof. The proofs for law (.=5) and law (.=6) are instances of
the same proof technique and will therefore be only sketched.

In the sequel let E € IML. To prove correctness of law (.=8) we have to show
that P ~ @ where P = x=7.X + F and Q = x.= 7.(L+FE) . Definition 5.2.3
enables us to restrict ourselves to the case where V(E) C {X }. We now define
the following relations By, B1, and B

= Bo= {(H{P/X}, H{Q/X}) [ V(H) S {X}}, B ={(P, L+E{Q/X})}
- B=ByuBy'uB, UB;?

In order to show that B* is a weak bisimulation we use the following lemma.
Lemma B.4.5. Assume Ry B Ry. Then
1. Ry (BoUB;Y) Ry and Ry —— RY implies Ry =& R} and R, B R} for
some R, € IMC,
2. Ry (B1U Bfl) Ry and R; —> R} implies Ra = R}, and R} B R}, for
some R, € IMC,
3. Riv| and Rav| imply (VC € IMC/B*) ~,,(R1,C) = 7, (R2,C),
4. Fyl iff Gyl
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Sketch of Proof. (1) can be proven by an induction on the height of the proof

tree for the transition F —— F’. The induction base is the case H = X. (2)
follows easily from (1) by taking H = E in By.

(3) can be proven by an induction on the sum of the heights of all proof
trees for ——> transitions emanating F'. Note that the case Ry (B1 U Bl_l) Ry
is trivial since the premise R;v] and Ry is not satisfied in this case.

Finally (4) can be easily proven by using fact (B.5) on page 181. Note
that (4) holds for if Ry (B U Bfl) R5 since this implies Ry, Ro Y.

Now we are able to show soundness of law (.=8).
Lemma B.4.6. P=x-7X+F ~x=7.(L+E) =Q.

Proof. First note that Lemma B.1.3 and Lemma B.4.5 imply that B* is a
weak bisimulation, i.e., B C ~. We have to show that condition (1) to (4) of
Definition 5.2.4 are satisfied.

To show condition (1), assume P —— P’. Since PByQ (take H = X))
it follows from Lemma B.4.5 that Q == Q' and P’ BQ' for some Q' € IMC,
thus P'=Q’. (2) of Definition 5.2.4 follows analogously. This completes the
proof, because Py and @y directly imply (3) and (4) of Definition 5.2.4.

The proof of soundness for law (.=6) follows the same lines but uses the
relation By = {(P + E{P/X}, Q)}, where P=x-7.(X + E)+ F and Q =
x=7.X + F + F . In addition, the proof of law (.=8) can also be directly
adopted to prove soundness of law (:=5). In this case Ry = {(P+E{P/X}, L
+FE{Q/X})} where P=x=X+ F and Q = x=1+F.

B.5 Lemma 5.3.3

For each expression E there exists a strongly guarded expression F such that
A-FE=F.

Proof. By induction on the structure of E. The only interesting case is re-
cursion. We show the following stronger property.

If E € IML, then there is some strongly guarded F' € IML such that

— X is strongly guarded in F,

— Each not strongly guarded occurrence of any variable Y € V(F)
does not lie within the scope of a subexpression z.= G of F,

- Ak x- B =x=-F .

We only consider the case that E already satisfies the second condition. The
general case can be reduced to this special case by an induction of the number
of nested recursions in E in complete analogy to the proof of Theorem 5.2.
in [144].
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Thus, it remains to remove not strongly guarded occurrences of X where
none of them appears inside the scope of a recursion. First, consider a
not strongly guarded occurrence of X that appears in E on the topmost
summation-level, i.e., E = 7.7....7.X + .... Because of law (71) we can as-
sume that X is guarded by at most one 7—prefix. Such occurrences can be
eliminated by means of law (.=5) or law (:=8) (by transformation into 1). All
other not strongly guarded occurrences of X can be lifted to the topmost
summation—level by the following iterative procedure.

Casel: E=7.(X+FE)+F
Law (.=6) implies

Acbx-FE =x-7(X+E)+F =x-17X+E +F.

We continue with expression 7.X + E' + F”.

Case 2: £ =71.FE' + F’, where X occurs partially guarded in E’.
By assumption, this occurrence does not lie within the scope of a recur-
sion. E' must hence be of the form G + 7.E”. Law (12) then gives

AcFE =G+ 1.E"+1=FE'+1. (B.8)

Taking into account that X appears not strongly guarded in E’ we are
aiming to establish that

A-FE =X+ F

for some E” where X occurs strongly guarded. This allows us to proceed
with 7.(X + E’) + F’ by resorting to Case 1. We know already that

AFE =E'+1,
and, also from (B.8), that
A X+ E4+1=X+ F'.

In order to complete this case we have to show that A~ + E'+ 1=
X+E'+1. The verification requires structural induction on E’ taking into
account that X appears not strongly guarded in E’. The only interesting
case is ' = X, where X + X+1= X+ is used (which can be derived
from (I3) and (N)).

Iterating the above two steps will eventually lead to an expression F' where all
not strongly guarded occurrences of X appear on topmost summation—level,
completing the proof of Lemma 5.3.3.
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B.6 Theorem 5.3.8

Let E and F be two weakly congruent expressions, i.e., E ~ F. Furthermore
let E A~ -provably satisfy the SES S1 and F' A~-provably satisfy the SES S,
where both S1 and Sy are strongly guarded and saturated. Then there is some
guarded SES S, that both E and F A~-provably satisfy.

Proof. The proof proceeds along the lines of the strong bisimilarity case (Ap-
pendix B.3), but is more involved. The problems faced during the proof are
essentially the same as in [142, Theorem 3.2], but their solution differs sig-
nificantly.

Assume E ~ F and let S1 = (X = G) and S; = (Y := H) be weakly
guarded SES such that there are expressions E = (Ey,...,E,) and F =
(Fy,..., F,) satistying

A~ +E = Ey,

A~ F = Fy,

A: F EZ‘ = GZ{E/X}, and

A b Fj = H{{F/Y}.
We use the sets I, J; j, K; ;, and the same notation as in Appendix B.3. Since
E ~ F we have (1,1) € I. In addition, (7,j) € I implies that, by assumption,
Gi{E/X}~H;{E/Y}. We obtain the following properties:

If (i,5) € I, then for all a,b € Act and C € IML/ =,

(i) X; ——>g, X;, implies that there is some Iy such that
—Y; =g, Vi, and (Iy,l5) € I, or
—a=r7and (I1,j) € I.

. b . . .
(ii) Y; ——>g, Y}, implies that there is some Iy such that

— X;—t>g, Xy, and (I, 1) € I, or
—b=7and (i,12) € I.
(i) X;v| implies
— Y, or
- j\/l and,YM(Gz{E/X}7C):’YM(HJ{F/Y}7C))7
(iv) Yjy| implies
— X, Y, or
- X;v| and 7, (GH{E/X},C) :fYM(Hj{F/Y}vc))v
V) Whiiys s Wit @)} = IWhai)s -+ Wha (o)) -
In addition, if Xivl (and Yivl), then
Whiinys - Whitplh = IWhag)s s Wha(itn) -
The proof of these properties requires that both SES are saturated, together

with a characterisation of &~ on open expressions, see [104] for details. Notice
that the last property does not differ from the strong case.
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Indeed, assuming (i,j) € I, properties (i) and (ii) do not directly imply
that K; ; is a total and surjective relation, as it was the case in Appendix B.3,
except if (7,7) = (1,1). In this case we can use F1 = E ~ F = F} (together
with a characterisation of ~ on open expressions) to ensure (via G1{E/X} ~
F1{H/Y}) that the first alternative of property (i) and (ii) has to be fulfilled.
In other words K ; is total and surjective.

To clarify the situation when (7, ) is different from (1, 1), we introduce
for arbitrary sets M, N of indices and O C M x N the projections on M,
respectively V:

7M(0) = {meM|3IneN : (m,n)c€ O}, and
720) = {neN|3meM : (m,n)c O}

Properties (i) and (ii) imply that for each I; € {1,...,s1(i)} there is some
l2 €{1,...,52(j)} such that

(ll,lg) S ]"(vu7 or
—a;;, =7and (¢1(4,11),7) € I,

as well as that for each Iy € {1,...,52(j)} there is some I; € {1,...,s1(j)}
such that

— (I1,12) € K; 5, or
— bj,lz =7 and (7;792(]'7 lg)) cl.

Stated differently, it holds for each I; € {1,...,s1(i)} that
L ¢ 7W(K;;) implies a;;, =7 and (g1(i,11),5) € I (B.9)
as well as that for each lo € {1,...,s2(j)}
lo g 7@ (K; ;) implies bj;, =7 and (4, 92(j,12)) € I. (B.10)

Assuming X;/| and Yjy/|, in addition to (4,j) € I, we are able to deduce
from property (iii) or (iv), in complete analogy to the strong bisimilarity case:
T1 (’L)
Z /\i,u = Tm (GZ{E/X}’ [Ef1(i,k?1)]’r3) =

(uyk;):éh,j 20)
Y HAF Y} [FrGrnls) = Y. M
1

In the remainder of this proof we use 7k ey 1O denote this sum.

We will now create a standard equation set S = {Z;, j=2Li;|(i,5) €I}
with new formal variables Z; ; (for each pair (4,j) € I). It differs from the
SES used in Appendix B.3 only in its second line. Let

t2(j)

Lig= Y bjnZyin)etn + O Whgm
(l1,l2)EK; mo=1
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+ Z T-Zgi(ilh),j T Z T-Zi g5 (jyl2)

LigrM (K ;) lagn® (K ;)
Niks * Mok .
<%) .Zfl(i,k1)7f2(j,k2) if X’L\/l and )/J\/l
+ { (k1 k2)€di Vi1 ko
- if X;T or Y}T
0 else.

Our claim is that E A~-provably satisfies the SES S (where E will be equated
with Z7 1). The proof that F' A~-provably satisfies S is completely symmetric.
In order to show the former we define terms C; ; (for (4, j) € I) as follows:

T.EZ‘ lf 7T(2)(Ki’j) 75{1,...,82(]')}
Ci’j =
E; else.

We will prove that A~ - C;; = L; j;{C/Z}. As a consequence of the fact
that K, is total and surjective we have that C1 = Fy = E.

We proceed and construct the term L; ;{C/Z}. Besides of variables
Why(i,my) and L, summands of the form a.E;, a.7.E;, (A).E; and (\).7.E;
may occur in this term. Because of law (71) and (74) we can transform
Li’j{C/Z} to

t2(j)

A~ L= Z ai ity By i) + Z Why(j,m2)

(ll,l2)EK1‘1j mo=1

+ Z T'Eg1(i,l1) + Z 7.FE;

LignW (K5, ) logn () (K; ;)

)\Z . . .
T (M) By gy  if Xiv] and Yy

J
+ (kl,k2)EJ7‘,,_7‘ 7k17k2
1 if X;7 or Y57
0 else.

To prove that A~ F C; ; = L; ;{C/Z} we proceed exactly as in the strong
bisimilarity case, where we transformed free variables as well as delay prefixes
using the laws (N), (I1), (I3), and (12). As a result, we have that

t2(j) t1(4)
A~ F Z Wha(iims) = Z Whi (iyma) >
m2:1 m1:1

and

r1(3)
Aivkl C Mgk
> (T“> Epiia = 2, Qi) io)-
(k1,k2)€Ji ; Yy, koo —
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In the remainder of this proof we use the following abbreviations (two of
them appeared also in Appendix B.3).

S1 (Z) t1 (’L)

D, = Za":vll'Egl(i,h)_'— Z Wh1(i,m1)a
I1=1 mi=1
r1(3)

Dy = > (Nik)-Ef i)
k1=1

Dy = Z 7. Eg, (i,1,), and
llg‘n-(l)(}(i’j)

Dy = > T.E;
Lgr®d (K, ;)

With this notation we have achieved so far that
At L; ;{C/Z} = D1+ D3+ Ds+ < L if X;7T or Y57
0 else.

A close look into Ds reveals that we can apply (B.10): Whenever [ ¢
7r(1)(K,;J-)7 then a;;, = 7. Hence D3 is nothing else than

Z ai7l1'Egl(i7l1)'

lign( (K 5)

As a consequence, observe that all the summands of D3 also appear some-
where in the first sum of D;. We can therefore apply law (72) summand by
summand in order to erase Ds:

A~ + D1+ D3 = D;.
So, we have

Dy if X;v] and Yjy/|
AL i {C/Z} =D1+Ds+ ¢ L if X7 or Y51
0 else.

On the other hand, we have, by means of our assumption A. F FE; =
G{E/X}, that

— X;| implies A+ E; = Dy + Do, and

— X;7 implies A+ E; = Dy + Do+

Now, different from the strong bisimilarity case, we have to distinguish two
cases, dependent on the fact whether (2 (K; ;) is equal or different from

{1, ey 82(3)}
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If 7@ (K; ;) = {1,...,52(4)}, then C; ; = E;, and D4 denotes an empty
sum. As a consequence, the situation is exactly as in Appendix B.3 where we
analysed 16 different cases in order to complete the proof. Indeed, this case
analysis can be directly adopted to complete the proof of the particular case
7K ;) ={1,...,52(j)}.

If, on the other hand 7 (K; ;) # {1,...,s2(j)}, then C; ; = 7.E;, and
L; ;{C/Z} contains a summand 7.F; at least once, resulting from Dy. After
multiple applications of law (I2) we have

Aot Dy+7.E; + 4 L if X;7 or ;71

0 else.

If X;v| does not hold, or Y;,/] does not hold we require an intermediate step,
in which we add Dy by means of (i) applications of Lemma 5.3.1. Hence

1 if X; Y,
A:FD1+D2+T.Ei+{ i XiT or Y51
0 else.
Since either E; = D1 + Dy or E; = Dy + Ds+1 we possibly have to apply
law (L2) to obtain
A+ E; +1.F;.

Law (72) eventually produces the desired result
A~ LZ’J{C/Z} =k, +7.E,=17.E; = Ci,j.

We have thus shown that F A~-provably satisfies the weakly guarded SES S.
As mentioned above, the proof that F' A~-provably satisfies S is completely
symmetric and therefore omitted. Obviously, each Z; ; is weakly guarded in
each Ly j and hence S is weakly guarded. However, in order to serve as an
SES that satisfies Theorem 5.3.8, S has to be strongly guarded.

Assume that S is not strongly guarded. Hence, there is a cycle of T-prefixes
in L. But, according to the construction of L this implies a cycle of T-prefixes
in either G or H. This contradicts our assumption that both S; and S are
strongly guarded, and the proof is complete.

B.7 Theorem 5.5.2

If P is minimal with respect to strong bisimilarity, then {n!P}A is minimal
with respect to strong bisimilarity provided that P is linear or that A is empty.
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Sketch of Proof. Let us first consider the case that P is linear, but A is not
necessarily empty. Since synchronising activities have to be performed in the
same order by all replicas, {n!P}A terminates (with {n!0}A) if and only if P
terminates (with 0). Let Py, ....P,, enumerate the finite number of different
processes reachable from P, (totally) ordered by their distance from P and
let Py denote P. Note that by assumption none of these P; are pairwise
bisimilar. It requires a detailed case analysis to check that for all 0 < i < m,
{n! P;}A is reachable from {n! P} A and that the behaviour of {n! P;}4 is
unique (with respect to strong bisimilarity) among the behaviours reachable
from {n! P} A.

Let us now assume that there are two distinct expressions, say M;A
and MyA, reachable from {n ! P}A that are bisimilar. We know that
Yo Mi(P) =)0, Ma(P;) = n, and, since M; and M, are distinct, there are
(more than one) Py, ..., Py, such that My (Py,) # Ma(Py,), again ordered
by distance from P. Let | be the maximum number such that M;(F;) > 0 or
Ms(P,) > 0, and let j be the respective minimum. [ — j will be denoted g.
The expression {n! P} A is reachable from both, M; A and M3A without fur-
ther synchronisation. We now have that M A as well as My A possess traces
to {n! P} A which is the unique representative of this class of behaviours.
Strong bisimilarity of M; A and Mz A implies that their set of traces leading
to {n! P} A have to coincide. An induction on g, the difference between j
and [, shows that this is not the case.

This completes the proof of the case that P is linear, but A is not empty.
If A is empty, the result follows from similar (but simpler) arguments.

B.8 Theorem 5.5.3

Strong bisimilarity and weak congruence are congruences with respect to all
operators of IMCxxL .

Sketch of Proof. Substitutivity of the operators of IMC is covered by Theo-
rem 5.2.1 and Theorem 5.2.2. Proofs for parallel composition and abstraction
have appeared in Appendix A.2, respectively Appendix A.5. Note that it is
negligible that the definitions of strong bisimilarity and weak congruence in
Chapter 5 account for ill-definedness while those of Chapter 4 do not. This
is because all expressions of IMCxx_ are well-defined by definition, since those
of IMC_ are. So, we only have to discuss substitutivity of the elapse operator
and of symmetric composition.

We first turn our attention towards symmetric composition. Let A C Act,
P, P’ € IMCxx, and let M be an arbitrary multiset of elements from IMCxx .
In order to show substitutivity of strong bisimilarity, we have to show that
(M & P)A~(M @ Q)A holds whenever P~ Q.

We construct an equivalence relation £ = R U R~ U Zdxx. (the identity
relation on IMCxx, ) where
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R={((M'& P)A (M & Q)A) | P'~Q A MAEMCxx ).

In order to verify substitutivity, it is sufficient to show that £ is a strong
bisimulation according to Definition 5.2.1. For symmetry reasons, we can
restrict to elements of R. Assume (M@ P)A R (M@ Q)A. In order to verify
the first clause of Definition 5.2.1 we distinguish two cases.

Case 1: (M @® P)A—> (M’ @® P')A and a € A.
Then, MA—> M'A and P —> P’ according to the second rule in
Table 5.10. Since P ~ @, there is some @’ such that Q N Q' and P' ~ Q'
(Definition 5.2.1). As a consequence, (M @® Q)A—> (M’ @& Q')A and
(M @dPYAE (M ®Q)A, as required.

Case 2: (M@ P)A—> (M’ @ P') and a ¢ A.
By the structure of the third rule in Table 5.10 we either have
M = M’ and P—i> P', or we have that MA —+> M'A while P
has not moved, i.e., P = P’. In the latter case, we directly obtain
M3 QA—> (M ©Q)A, and (M’ @ P)AE (M’ ® Q)A. Tn the for-
mer case, use P~ @ and Definition 5.2.1 to obtain the existence of some
Q' such that Q —— Q" and P’ ~Q’. Thus, (M ® Q)A—> (M’ & Q')A
and (M’ @ P)AE (M’ @ Q')A, as required.

For verification of the second clause of Definition 5.2.1, assume (M@ P)A £+
and vy (M @ P)A, C) = pu for some equivalence class C of £. The elements
of C are either all of the form (M"” @ R)A, or C is a singleton set (in-
duced by ZdxxL). The latter case is trivial, since g = 0. In the former case,
the equivalence class is basically a crossproduct of some singleton set {M"'}
and an equivalence class of ~. Let (M” @ R)A be a representative of this
class and let C'r denote the equivalence class of R, with respect to ~. We
have from the structure of the third rule in Table 5.10 that P 7LT—> Hence,
v (P, Cr) = vm(Q, Cr), by assumption. Due to the structure of C, this im-
plies Yp (P, C) = ym(Q, C).

We have to show yy(M®Q)A,C)=pu. Now assume M(P) =
I > 0 and M(Q) = k > 0. We split the value p in three parts,
ie, YM(M @ P)A,C) =p=pup+pg + 1. pp is the rate contributed by
Markovian transitions of P and pg is the same for those transitions
caused by Q. p’ subsumes the remaining rates. By the last rule in Ta-
ble 5.10 we derive up = (I + 1)yp(P,C) and pg = kym(Q,C). Using
v (P, C) = v (Q, C) we obtain after some straightforward transformations
that p =1 vy (P,C) + (k+ 1) ya(Q, C) + p'. By the last rule in Table 5.10,
we finally derive that v (M @ Q)A, C) = p, as required.

Hence, £ is a strong bisimulation. So, strong bisimilarity is substitutive
with respect to symmetric composition. In order to show substitutivity for
weak congruence, the proof proceeds essentially in the same way. Assum-
ing P ~ @, it is shown that the pair (M & P)A, (M & Q))A satisfies the
requirements of Lemma B.1.4. We omit the details.
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We now sketch substitutivity of the elapse operator. Let us consider the
strong bisimilarity case. Choose S,I,D C Act, P,P',Q,Q’,R, R’ € IMCxx.,
and assume P~ P’, Q ~ @' and R~ R’'. We have to show that

b S b S b (S,R) b (S,R')
Plet [Q~Pler [Q] and Plsr [Q]~PT]er Q7]
t D t D t D t D
(B.11)
For this purpose, define an equivalence relation £ as
b S b S
Tdxx. U Plyr | Q |7 Py Q’| |P~P,Q~Q ,R~R'} U
t D t D
b (S,R) b (S,R’)
Pler [Q) Plsr [Q||P~P,Q~Q R~R
t D t D

It requires a tedious case analysis of Table 5.7 and 5.8 to verify that equiva-
lence & satisfies Definition 5.2.1, similar to the symmetric composition case.
We do not work out the details. £ is hence a strong bisimulation, and it con-
tains the above two pairs by definition. Thus, strong bisimilarity is indeed
a congruence for the elapse operator. Congruence with respect to ~ follows
similar lines, verifying Lemma B.1.4 for any pair of the above form (B.11),
but replacing ~ by ~ in the hypotheses concerning P, P, Q,Q’, R, R'.

B.9 Theorem 5.5.4

For arbitrary expressions P € IMCxxL and Q € IMCxx, it holds that

1. P~Q if and only if (ALUAxUAUA)FP=Q, and
2. P~Q if and only if (ArUAxUA UA)FEP=Q.

We will first show soundness of the laws with respect to strong bisimilarity
(Lemma B.9.1). Soundness with respect to weak congruence follows from an
application of Lemma 5.2.2. Then we show completeness of the laws. For this
purpose, we only have to consider the elapse operator and symmetric com-
position. The other operators are covered by Theorem 5.4.1. Corollary B.9.1
will summarise soundness and completeness, proving Theorem 5.5.4.

Lemma B.9.1. For P,Q € IMCxxL it holds that P~Q@Q if
(AHBUA)FP=Q.

Sketch of Proof. We only tackle Table 5.11, i.e., the two laws for symmetric
composition. Verification of the laws of Ay (Table 5.9) proceeds in a similar
way, but requires a tedious distinction of many case, dependent on the rules
of Table 5.7 and 5.8 used to derive a transition.
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In order to show that law (2) is sound we fix a set A C Act, and construct
an equivalence relation £ as follows:

£ = {(Z a.(2A), @A)} U {(@A, Za.(@A))} U Zdxxi
acA acA

We now verify that & satisfies Definition 5.2.1. Take an arbitrary pair (P, Q) €
E.If (P,Q) € Zdxxv, Definition 5.2.1 is trivially satisfied. Now take one of the
remaining pairs, say the first. For the other pair, the situation is symmetric.
To verify Definition 5.2.1, note that the second clause is irrelevant, because
Markovian transitions are impossible for both expressions. In order to show
the first clause of Definition 5.2.1, assume . , a.(9A) —> P’. By means
of the rules in Table 5.1, we derive that P’ = @A. Due to the first rule of
Table 5.10, we also have @A i ZA. Now, (A, 0A) € Tdxx. C &, and
therefore the first clause is satisfied.

After having shown law (&), we now address soundness of law (®). To
this end, we choose some A = {a1...a;,} C Act. We have to show that,
for arbitrary P and M it holds that (M @& P)A~ MA 3i—am_ P. For this
purpose, define an equivalence relation £ = (R UR~1)* with

R = {((Mv@ ﬁ)A, MA ai..am ﬁ | ﬁ S "\/IC)(XL AN MVA S ||V|Cxx|_)}

Obviously, £ contains the above pair. In order to show that £ is a strong
bisimulation we consider an arbitrary pair from (w.l.o.g.) R, say (M @
P)A, MA 3izam_ P) € R. In order to show the first clause of Definition 5.2.1,
we distinguish two cases.
Case 1: (M ® P)A—> (M’ @® P')A and a € A.
Then, MA—+> M'A and P — P', according to the second rule in
Table 5.10. This implies (third rule of Table 2.1), that MA Fam P —>
M'Aaiam P’ as well. Furthermore, (M’ @ P')A €& M'A 3iam P’, as
required.
Case 2: (M @®P)A—> (M’ @ P')and a ¢ A.
By the structure of the third rule in Table 5.10 we either have M = M’
and P——> P’, or MA—%> M’A and P = P’. In the latter case, we
obtain MA Fiwam P —+> M'A 3iam P. In the former case, the second
rule of Table 2.1 gives MA Fam P —> M'A Fican P/, as well. In
either of the above two cases, (M’ ® P')A £ M'A 3iam P’, as required.

In order to show the second clause of Definition 5.2.1, let us assume that for
an arbitrary equivalence class C of £, vy (MA@ P),C) = u. We have to
show that also vy (MA 3izaw. P,C) = u. Recall that vy, builds the sum of
rates leading into class C. By the structure of the rules, we can assume that
this sum is identical for both expressions except for those rates caused by a

Markovian transition of P. So, suppose that P —G—» P If M(P) =0, we
have
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(M@ P)A—i> (M & P A,

as well as

MA S am P—i> MA =2, P,

and (M @ P') € MA Zizan P'. If, otherwise, M(P) = n > 0, we obtain

Ma P)A—T2 (Mme P)A.

On the other hand side,?

MA & anm P—G—» MA Fianm Pl, and

MATms P8 (MAS P) & P') 5aa P.

Since the chains (M & P')A, MA 3iam P’ and (MAS P)® P') 3iam P
are pairwise contained in £ (the latter pair due to transitive closure), they
belong to the same equivalence class C' of £. Therefore, the transition

P —8> P contributes the value (n 4+ 1)A to both vy ((MA @ P),C) and
vy (MA 3izam. P, C), completing the proof.

Lemma B.9.2. For each expression P € IMCxxL there is some expression
P’ € IMCxxL not containing symmetric composition, such that A+ P = P’.

Proof. The proof is by structural induction on P. The only interesting case
is symmetric composition. Assume that P is of the form MA, and that
the multiset M contains a total number of n elements (each of them not
containing symmetric composition, by our induction hypothesis). By means
of n applications of law (@) and a final application of law (&), we transform
P into P’ not containing symmetric composition.

Lemma B.9.3. For each expression P € IMCxxL there is some expression
P’ € IMCy such that (A UAx UA; UA) P =P

Sketch of Proof. The proof is by structural induction on P. Due to Theo-
rem 5.4.1 and Lemma B.9.2 we can assume that apart from the operators of
IML at most elapse operators appear in P. This is thus the only nontrivial
induction step. So, let us assume that P is of the following form (covering
the case that the time constraint is inactive; the converse case that P has the
form of an active time constraint proceeds analogously)

b S

Qlsr [R]
¢ D

)

2 Define M © P := M’ with M'(P’) := if (P’ = P) then max(0, M(P’) —
1) else M(P’).
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where @ € IMC. and R € IMC_ holds by our induction hypothesis. Due
to Theorem 5.3.2 there are two weakly guarded SES S; = (X := G) and
Sy = (Y := H) such that there are expressions E = (FEi,...,E,) and
F = (Fy,..., F,,) satisfying

A.FQ=E, ALFR=F,A.FE, =G{E/X} A .- F; =H;{F/Y}.
(B.12)
Since @, R € IMC_ we can assume that each G; and Hj is of the following
form:
r1 (i) s1(4)

Gi= Y Niw) Xpitim) + D 3Ky (i), and
k=1 =1
r2(4) s2(J)
Hi= Y (i) Yia(o) + D biteYouia)-
ko=1 lo=1
Now define a new (weakly guarded) SES S = (Z := L) by setting
b S b (S,H1)
LiJ = Gi |1 | Hy , and Li,j+1 = Gi|nr Hj .
t D t D

Obviously, we can derive from the above properties (B.12) that
Aot P=L1{E/X}{F/Y}. In addition, we get by application of law (f),

b S
Li,l = Gi g I Hl |
t D
b S
= Z(M) Xrowy |07 [ Hi |+
t D
8 [
S o Ko [0+ o, K |20 [T
a;; €S t D ar,€8 i D
= D) Zraroa + 2 Lo + 3 anZyii 2
a’1¢S a;, €S

Similar transformations for the remaining L; ;41 show that S can be equated
to a (weakly guarded) SES S" = (Z := L') where L’ just contains expressions
from IML. Now, a slight variation of Theorem 5.3.4 is needed, showing that
any weakly guarded SES (in particular S’) is A~ -provably satisfied by some
expression P’ in IML (see [142, Theorem 5.7]). Since the above SES S does
neither contain L, nor unguarded variables, we can assume that P’ € IMC,.
In summary, we have achieved that A.F P = L1 1{E/X}{F/Y}, and we
have that Ay = Ly = L} ;. Since P" A._-provably satisfies S’, we obtain,
as a consequence of Theorem 5.3.4 that (Ao UAx UA; UA) - P =P,
completing the proof.
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Corollary B.9.1. Let P € IMCxx. and Q € IMCxx.. Then we have that

1. P~Q if and only if (ACUAxUAUA)FP=Q, and
2. P~Q if and only if (ArUAxUA UA)FEP=Q.

Proof. The ’if” part of the first clause (soundness with respect to strong
bisimilarity) is a consequence of Theorem 5.3.1 and Lemma B.9.1. For weak
congruence, the same direction follows from an application of Lemma 5.2.1
to Lemma B.9.1, together with Theorem 5.3.6. The converse directions (com-
pleteness) are covered by Lemma B.9.3. For strong bisimilarity the lemma can
be applied directly, while weak congruence requires a straightforward varia-
tion of the lemma, replacing ~ by ~ and using Theorem 5.3.7, respectively
Theorem 5.3.9 instead of Theorem 5.3.2, respectively Theorem 5.3.4.
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